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In the Cauchy problem for asymptotically flat vacuum data the 



^ . Abstract 

> 

^\i ■ solution-jets along the cylinder at space- like infinity develop in gen- 

eral logarithmic singularities at the critical sets at which the cylinder 
touches future/past null infinity. The tendency of these singularities 
^L) • to spread along the null generators of null infinity obstructs the de- 

pg , velopment of a smooth conformal structure at null infinity. For the 

solution-jets arising from time refiection symmetric data to extend 
smoothly to the critical sets it is necessary that the Cotton tensor 
of the initial three-metric h satisfies a certain conformally invariant 
condition (*) at space-like infinity, it is sufficient that h be asymp- 
^.' totically static at space- like infinity. The purpose of this article is to 

characterize the gap between these conditions. We show that with the 
class of metrics which satisfy condition (*) on the Cotton tensor and 
a certain non-degeneracy requirement is associated a one-form k with 
conformally invariant differential dK. We provide two criteria. If h 
is real analytic, n is closed, and one of it integrals satisfies a certain 
equation then h is conformal to static data near space-like infinity. If 
h is smooth, k is asymptotically closed, and one of it integrals satisfies 
a certain equation asymptotically then h is asymptotically conformal 
to static data at space-like infinity. 



1 Introduction 

The purpose of this article is to characterize in the class of general time reflection symmet- 
ric, asymptotically flat vacuum data the subset of three-metrics which are conformal to 
static data in some neighbourhood of or asymptotically conformal to static data at space- 
like infinity. We begin by indicating the motivations which determine the particular type 
of characterization which will be useful for us. 

The correctness of Penrose's idea that gravitational fields behave asymptotically such 
as to admit a conformal boundary at infinity of a certain smoothness ([12], [43]) has been 
confirmed under fairly general assumptions for solutions of the Einstein vacuum field equa- 
tions with non-vanishing cosmological constant. In the de Sitter-type case (cosmological 
constant A > if the signature (— , +, +, +) is used), it has been shown that vacuum solu- 
tions can be obtained by prescribing data on an oriented, compact three-manifold which 
is to acquire the meaning of the time-like conformal boundary at future (say) time-like 
and null infinity. There is complete freedom to prescribe a three-dimensional conformal 
structure, represented by some Riemannian three-metric hab, and an /i-divergence free 
symmetric tensor field Wab- Neither smallness assumptions on the fields hab and Wab nor 
restrictions on the Yamabe class of the conformal structure of hab are required (|19j). 
Moreover, de Sitter space has been shown to be non-linearly stable in the strong sense 
that standard Cauchy data sufficiently close to de Sitter data develop into solutions whose 
conformal structure extends smoothly to future/past time-like and null infinity (|20|). Fi- 
nally, these results have been shown to generalize to the Einstein equations coupled to 
conformally sufficiently well behaved matter fields (|22)'). 

In the case of anti-de Sitter-type solutions the idea of the conformal boundary turned 
out to be instrumental in proving the existence of solutions to the vacuum field equations 
with negative cosmological constant which admit a smooth, time-like conformal boundary 
at null and space- like infinity ( |23| ) . The corresponding initial boundary value problem for 
Einstein's field equations admits the standard freedom of prescribing Cauchy data on a 
space-like initial slice (with the appropriate asymptotic behaviour at space-like infinity) 
as well as the freedom to prescribe a Lorentzian conformal structure on the boundary. 
As usual in such problems, the data have to satisfy consistency conditions where the two 
hypersurfaces meet. That this particular initial boundary value problem is quite natural 
for the Einstein equations is corroborated by the fact that it admits a formulation which 
is manifestly covariant, a feature which should not be taken for granted (cf. |30p. 

In the case A < the non-linear stability question is intrinsically different from that in 
the cases where A > 0. The conformal boundary at space-like and null infinity is time-like 
so that the spaces are not globally hyperbolic in the ususal sense and stability statements 
will have to include specifications of boundary conditions and choices of boundary data. 
Moreover, even in the case of the conformally flat anti-de Sitter (covering) space there does 
not exist a smooth and finite conformal representation of past/future time-like infinity. 

The case of vanishing cosmological constant and asymptotically flat initial data differs 
from the cases A 7^ in principle. Smooth vacuum data for the Cauchy problem in some 
suitable class of weighted Sobolev spaces cannot be prescribed completely freely any longer 
if the null cone structure of a solution is to extend smoothly to null infinity. For this to 
be the case there must be imposed conditions on the Cauchy data near space-like infinity 



f[24|. pS]). The situation is not precisely understood yet. We consider the present work 
as a further step towards identifying the necessary restrictions and the remaining freedom. 

It should be emphasized that a detailed understanding of the domains where space- like 
and null infinity meet is not of pure academic interest but has practical consequences. As 
shown in 31 and further elaborated on in |45) it would provide useful information about 
the relation between the nature of the Cauchy data and the structure of fields induced on 
null infinity and it would clarify the role of various concepts such as the Newman-Penrose 
constants and the Metzner-Bondi-Sachs group which have been discussed at length in the 
literature. Moreover, various questions will reduce to straightforward, though possibly 
lengthy, calculations. On a different level, it offers possibilities to calculate numerically on 
finite grids the future and past evolution of asymptotically flat space-times globally from 
standard Cauchy data, including their radiation field and other asymptotic quantities of 
physical interest. In any case, if one wishes to make use of the geometric advantages of 
smooth conformal boundaries, sufficient insight into the geometrical/physical meaning of 
the required restrictions on the Cauchy data is indispensible to understand whether the 
insistence on smooth conformal asymptotics unduly restricts our possibilities to model 
physical systems. 

The stability results on the hyperboloidal initial value problem {^U\, [22) show that 
the field equations decide on the asymptotic smoothness at null infinity in any neighbour- 
hood of space-like infinity. An insight into the underlying mechanisms requires a careful 
analysis of the nature of the evolution process and its precise dependence on the data in 
the region where space-like infinity meets null infinity. 

Cutler and Wald made an early attempt to circumvent this difficulty by preparing 
asymptotically flat Cauchy data for which the behaviour of the corresponding solution 
space-time was sufficiently well controlled near space-like infinity to decide whether it 
admits hyperboloidal slices to which the results of (i20], [22]) apply. This led to a first, 
though very special, result on the existence of radiative solutions to the Einstein-Maxwell 
equations which admit a complete, smooth conformal boundary at null infinity (|10j). 
The remarkable work on the existence of asymptotically fiat solutions to the vacuum 
constraints which coincide inside a prescribed ball with some given initial data and outside 
a larger ball with some exactly static or stationary data, initiated by Corvino ([7]) and 
generalized by Corvino and Schoen {!W) and by Chrusciel and Delay ([14]), led to a similar 
construction of a fairly large class of solutions to the vacuum field equations which admit 
a complete, smooth conformal structure at null infinity ([8], [l3]). However, all these 
solutions seem to be special by arising from initial data which are static or stationary in a 
full neighbourhood of space-like infinity. There remains the question whether such strong 
conditions are necessary to ensure a smooth structure at null infinity. 

In the standard conformal compactification of Minkowski space space-like infinity is 
represented by a point i'^ to which the conformal structure extends smoothly ([43]). Any 
Cauchy hypersurface of Minkowski space approaches that point. If one stipulates a similar 
picture for asymptotically flat solutions to the vacuum field equations with non- vanishing 
mass one finds that Cauchy data for the conformal field equations, which are underlying 
the work quoted above, become strongly singular when the Cauchy surface approaches the 
point 1°. This fact, which reflects the slow fall-off behaviour of the gravitational fleld near 
space-like infinity, is the stumbling block which prevents us from obtaining in the case 



A = a non-linear stability result which would be as strong and unrestricted as the one 
obtained in the de Sitter case. 

It is a surprising feature of the vacuum field equation that they admit a different 
picture in which the Cauchy problem for asymptotically flat initial data becomes finite 
and regular [24 . In this setting, which relies on a particular type of conformal gauge which 
away from the initial hypersurface is provided by the conformal space-time structure itself, 
the Cauchy data (assumed here, for convenience, to have only one end and simple topology) 
for the conformal field equations are given on a three-manifold S diffeomeorphic to an open 
ball in M^ whose boundary /" = dS ~ S^ represents space-like infinity with respect to the 
initial slice. The vacuum solution arising from these data lives on a manifold M which is 
a bounded neighbourhood of {0} x S inM. x S, where we identified S with {0} x S. 

In a particular conformal gauge on the initial slice S, the Cauchy data and the con- 
formal field equations extend smoothly to all of 5 = S'U /". This allows us to attach to M 
in the given gauge the set /=] — !, Ifx/" as a boundary such that {0} x /° identifies with 
I^. This cylinder represents space-like infinity with respect to the solution space-time. It 
is important to note that this construction is in no way arbitrary and that the boundary 
/ is smoothly generated in the given gauge by the (uniquely extended) conformal field 
equations from the set 7*^. What was a Cauchy problem initially is represented now by 
an initial boundary value problem. This problem is, however, of a very special kind. The 
conformal field equations extend to / so that only the differential operators tangential 
to / have non-vanishing coefficients at points of /. Consequently, there is no freedom to 
prescribe boundary data. 

In the given gauge the space-time metric extends in a smooth but degenerate way to 
the set /. This creates no problems. The main objective leading to the picture outlined 
above was the desire to obtain a setting which would allow us to discuss in detail the field 
equations near space-like and null infinity and it turns out that the equations are regular 
and hyperbolic on / and extend with this property also to future/past null infinity J^^ if 
the conformal structure extends to these sets with sufficient smoothness. 

What has been referred to above loosely as the 'region where space-like infinity meets 
null infinity' is made precise in the present setting by referring to an (arbitrarily small) 
neighbourhood of the critical sets I^ = {±1} x /". At these sets, which define the fu- 
ture/past boundary of the cylinder /, the sets future/past null infinity J'^ come arbitrarily 
close to / and the sets /^ can in fact be thought of as representing the set of past/future 
endpoints of the null generators on future/past null infinity. The field equations are not 
any longer hyperbolic at the critical sets and the decision which initial data evolve into 
solutions that admit a smooth conformal structure at null infinity takes place precisely at 
these sets. 

While a cursory glance at the construction of |24j may emphasize unavoidable simi- 
larities between this and earlier attempts to relate the structures at space-like and null 
infinity, the representation of the field equations and in particular the explicit description 
of the critical sets obtained here mark essential differences. The setting discussed in [2] 
and related later work hardly lends itself for a detailed study of the field equations. The 
sets / and /* are compressed there into one point i°, the rich structure unfolding on / and 
/* cannot be seen, and questions of smoothness are resolved by fiat. In f4^ is proposed an 
analogue of the Bondi expansion for the analysis of space-like infinity. This allows for some 



discussion of the field equations. In particular, the hierachy of linear equations discussed 
there bears some similarity to the transport equations on the cylinder / referred to below. 
It is hard to see, however, how the setting could be used to analyse the precise relations 
between space-like and null infinity and questions of smoothness. The critical sets 'live 
beyond' this setting. 

The setting of 241 requires some 'decent' behaviour of the Cauchy data near space- 
like infinity but the general class of data for which it makes sense and for which some 
smoothness is preserved on the cylinder / has not been worked out yet. To allow for 
a convenient first analysis there have been considered in [2A[ time reflection symmetric 
data which admit a smooth conformal compactification at space-like infinity. These data 
include the static data. In |15j have been discussed non-time reflection symmetric data 
whose underlying metrics admit a smooth conformal compactification at space- like infinity. 
But even this requirement can be largely weakened to include, in particular, stationary 
Cauchy data, which do not admit a smooth compactification (whose asymptotics is still 
somewhat special though ([16])). It has been shown in [26] that for static data and more 
recently in [T: that for stationary data the complete setting outlined above, including the 
sets /* where space-like infinity / touches the set future/past null infinity J'^ as well as 
the fields induced there, is smooth. 

For sufficiently general data the loss of hyperbolicity at the critical sets leads to a 
loss of smoothness at /^. The fact that the cylinder / is a total characteristic has the 
consequence that on / the unknown u of the conformal field equations (which comprises 
a number of tensor fields) and its derivatives transverse to /, i.e. the solution-jets Jf(u), 
p = 0, 1, 2, . . ., on /, are governed by hyperbolic transport equations interior to / (cf. |24) . 
[55] for more details). The derivatives of u of order p > 1 are subject to linear equations 
with forcing terms F^ which depend on the solution-jets Jj{u), q < p — 1, oi lower order. 
The linear equations have been analysed in [24' and in cases which admit sufficient control 
on the forcing terms the solutions can be discussed in detail. It turned out that in general 
the solution-jets Jf{u) are smooth on / but can develop logarithmic singularities at the 
critical sets /*. Because the forcing terms F^ become quite complicated with increasing 
order p a full analysis of the transport equations is still outstanding, simply because of 
the heavy algebra involved. 

There are good reasons to assume that the smoothness of the solution-jets Jf{u) at 
/* controls the smoothness of the conformal structure at null infinity ( 25 ). Therefore it 
is important to identify those properties of the initial data which give rise to obstructions 
to the smoothness of the solution-jets. The most complete results have been obtained 
so far in the case of time reflection symmetric data which admit a smooth conformal 
compactification. To explain the situation we use a conformal gauge on the initial slice 
which is different from the one indicated above. The conformal data are then derived 
from a smooth (in our convention negative definite) Riemannian metric h of positive 
Yamabe class on a three manifold S" ^ S''^ on which there exist a point i £ S and function 

nec^{S)r]C°°{S) so that 

f7(i)=0, Dan{i) = 0, DaDbVL{i) ^ ~2hab, ^ > Q On S = S \ {i} , (1.1) 

where D denotes the Levi-Civita connection defined by /i, and where h — Vl^^ h satisfies 



the vacuum constraints 

R[h] =0 on S. 

Two types of obstructions to the smoothness on the critical sets have been identified in 
the case of such data. 

(i) There arise obstructions related to the conformal structure of h. 

It has been shown in |24j that a necessary condition on h for the solution-jets Jf{u) to 
extend smoothly to the critical sets is that the dualized Cotton tensor of h, given by 

Bab ~ -^ {DcRda — -7 DcRhda) £6 '^ , 

where Rat, R, and eabc denote the Ricci tensor, the Ricci scalar, and the totally antisym- 
metric tensor density which defines the volume element of h, satisfies 

(*) D{a,---Da^Bab}{i) = for p = 0,l,2,3,.... 

Here the curved brackets indicate taking the symmetric trace free part of the tensor with 
respect to the indices in the curved brackets. At the lowest order p at which (*) would be 
violated the solution-jet Jf{u) would develop logarithmic singularities at the critical sets 
which then generate logarithmic singularities also at higher orders. 

Condition (*) has been observed as a regularity requirement for the first time in |21) . 
which studies the case of vanishing ADM mass. There it has been observed in particular 
(cf. also [3]) that 

— (*) is conformally invariant (though a single member of the sequence is in general not 
conformally invariant) and thus imposes a restriction on the conformal structure of h, 

— data which behave near i like conformally compactified asymptotically flat static data 

(discussed in detail below) present a non-trivial class of data which satisfy (*). 

(m) There arise obstructions related to the conformal scaling of h. 

Suppose that there is a neighbourhood U oi i in S on which the function f2 and the metric 
h are such that the metric h = fl^^ h on U = U\{i}, which has an asymptotically flat end 
at i, satisfies the static vacuum field equations on U (see for details below). As pointed 
out above, the solution-jets Jf{u), where u are the Cauchy data for the conformal field 
equations derived from h and O, then extend smoothly to /*. 

Assuming U suitably small, we can consider other conformal factors J7' S C^{U) fl 
C°°{U) which satisfy conditions (jl.ip and which are such that R\VL'^^ /i] = on JJ . Such 
functions are obtained by solving the Lichnerowicz equation with suitable boundary data. 
One can then write fi' = 00 with a positive function 9 E C'^{U) n C°°{U) of the form 
= {1 + O^/^ W)~'^ where W is a solution to {Ah — | i?[/(-])Ty = near i. Assuming 6 
to satisfy the conditions 9{i) — 1, DaO{i) — 0, DaDi,6{i) — 0, which ensure in particular 
that the static vacuum data h and the vacuum data 0^^ h on U have the same mass (and 
which avoid certain subtleties), J. Valiente Kroon states in particular (and in somewhat 
different terms) the following result in [46], [47] : 



The solution-jets Jf{u'), where u' are the Cauchy data for the conformal field equations 
derived from h and f2', are free from logarithmic singularities and extend at all orders p 
smoothly to the critical sets if and only if 6* — 1 vanishes at i at all orders. 

Additional information is required to understand the precise scope of these results. 
For convenience it has been assumed in [24 and consequently in [4 7) that the metric h is 
real analytic in some neighbourhood of the point i. The analysis of [151 shows, however, 
that this is not necessary. The properties of the fundamental solution of the conformal 
Laplace operator with pole at i which are needed in the two articles hold also if h is only 
C°°. Moreover, only the derivatives of the data h and fi at i up to some related finite 
order p' = p'{p) are needed to determine for a given order p the solution-jet Jf{u) on / 
and thus on /* . This implies that the results referred to above only depend on the Taylor 
coefficients in an expansion of the data h and Q at i. As a consequence, the results are 
less restrictive than may appear at first sight. 

To explain that only the asymptotic behaviour of h needs to be restricted in case (i) 
considered above, let h and Q denote again a metric and a conformal factor on U such 
that (jl.ip holds and h — U~^ h satisfies the static field equations on U. Consider metrics 
which are of the form 

h' ^if Ul~(l))h + (f>h\, (1.2) 

where z? is a smooth positive conformal factor and h some smooth Riemannian metric on S, 
the function (p g C°°{S) vanishes at all orders at i, is positive and < 1 on S'\{i}, and equal 
to 1 on a neighbourhood oi S\U. The metric {1 — (p) h + (p h coincides then at all orders 
with the metric h at i and it follows by the observations above that with h also h' satisfies 
(*). Besides data which are conformal to static data in some punctured neighbourhood of 
i there is thus quite a general class of non-analytic C°° data which satisfy condition (*) 
and which are not conformal to static data in any punctured neighbourhood of i. 

To explain the role of the asymptotic behaviour of h in case (m), let h' be another 
metric on U with an asymptotically flat end at i. Assume that it satisfies the vacuum 
constraint R[h'] — but not necessarily the static field equations in any neighbourhood of 
i. If this metric is such that h' — J7^ h' extends smoothly (resp. with a certain smoothness) 
to all of U and h' — h vanishes at all orders (up to some order) at i, then the solution- 
jets Jj{u') determined by the pair {h',H) extend smoothly (up to some order) to the 
critical sets. If ft' were a different conformal factor with R[n'^^ h'] = on U, we could 
subject the pair (/i',J7') to the analysis of [47] and would find again that (up to some 
order) the solution-jets determined by these data extend smoothly to the critical sets if 
and only if 51' = 17 (up to some order). This seems to indicate that the discussion of 
[4 7) does not require staticity on some neighbourhood of i but only asymptotic staticity at 
i. There remains, however, the question whether metrics h' which bear the relations to 
static metrics indicated above do exist. If the requirements are relaxed, as indicated by the 
statements in brackets, results of jl4) apply which ensure the existence of asymptotically 
flat, not necessarily static, vacuum data which coincide near space-like inflnity up to an 
arbitrarily prescribed order with some static vacuum data. While the restriction to flnite 
differentiability may in fact be sufficient for practical purposes because the violations 
of smoothness of the solution-jets become less severe for increasing order p ([24], [26]). 
we concentrate here on the C°° case to get a complete understanding of the situation. 



Therefore it is of interest that the techniques and arguments provided by |14) ahow one 
to show the existence of metrics h' for which h' — h vanishes at all orders at i (|12|). 

The discussion above suggests that staticity, possibly in an asymptotic sense, plays a 
distinguished role when it comes to deciding whether a time reflection symmetric vacuum 
solution develops smooth conformal asymptotics at null infinity. The connection is fairly 
clear for the class of data considered in case (ii), the relation is not so tight in case (i). 
In the examples (|1.2I) staticity is used, though only in an asymptotic sense. It is not 
clear, however, whether this is necessary. So far it cannot be excluded that there exist 
data for which the solution-jets extend smoothly to the critical set while the data are not 
asymptotically static at i. 

Several steps are required to find the answer: 

— Assuming (*), one needs to control the algebraic structure of the forcing terms F^ well 
enough to decide whether the solution jets Jf{u) develop logarithmic singularities at 

/±, 

— if they do, the precise conditions on the initial data u\g need to be derived which ensure 
that the singular terms drop out, 

— these conditions must be translated into meaningful, possibly geometric, statements on 
the initial data h and fl. 

These steps are already quite difhcult in the case (ii) where a regular static reference 
solution is available and everything reduces to controlling the one function 9. They are 
more difficult in the case (i), where no comparison solution is available and even changes 
in the conformal structure of the metric h may be required. It is not clear what to 
expect in the third step. Recognizing condition (*) in the context of ^2T was considerably 
simplified because it was known already from |2T]. It is not obvious at all, however, 
whether and which conditions beyond (*) have necessarily to be imposed on the conformal 
structure of the data to guarantee regularity at null infinity if the scaling of the metric is 
chosen appropriately. But certainly we will have to understand how the set of conformally 
static data is embedded in the set of data which satisfy (*) and by which conditions the 
conformally static data are singled out. 

As a preparation for this investigation has been derived in j27| a characterization of 
the static data which is complete and well adapted to our analysis. Secondly, it has been 
shown in [55], [5Uj that the map which relates static data to their conformal classes is 
injective if a few exceptional cases, that admit conformal Killing fields, are omitted. 

In the present article we derive under a non-degeneracy assumption, which excludes, 
in particular, the exceptional cases, a criterion that allows one to decide whether a metric 
which satisfies (*) is conformal to static vacuum data up to some order, in some asymptotic 
sense, or on some neighbourhood of i. 

Though we mentioned above that analyticity is not required in the present context, it 
turns out technically convenient to assume it in a first analysis because it allows one to put 
certain questions into a geometric setting and to recognize arguments which are difficult 
to see in the context of messy recursive procedures. All our basics results can be derived 
recursively in the C°° setting, however, and the arguments are given after obtaining the 
analytic results. 

A second aspect which permeates the following analysis is the fact that we are only 
interested in the structure of the data on an unspecified small neighbourhood of the point 



i which represents space-like infinity. Without pointing it out in each case, this neighbour- 
hood win always be assumed to (and, in fact, can) be chosen such that the requirements 
and statements we make are correct. 

We comment on the structure of the article. In section [2] we state our problem more 
precisely, recall a few results on static data, give formal definitions of notions of asymptotic 
staticity, and comment on the C°° case. 

In section |3] we derive the basic equation (of second order) which needs to be solvable 
for a conformal factor oj in order for a metric h to be conformal to a static datum. This 
equation poses three problems: it contains a term which is highly singular at the point i, 
it is highly overdetermined, and it does not seem to fix the differential of w at i though 
the results of pS] and f53] tell us that this differential cannot be chosen arbitrarily. 

In section 2] we discuss properties of a conformal gauge which is used in section [S] to 
control the properties of a fundamental solution. Assuming h to be real analytic near i, we 
study in section [5] the extension of our setting into the complex domain. With the same 
assumption it is shown in section [7] that condition (*) is precisely the condition which 
ensures the regularity of our basic equation. After this it is shown that the same result 
holds in the C°° case. 

In the subsequent sections we only consider metrics which satisfy (*). In section [5] 
consequences of the overdeterminedness of the basic equation are analysed. It turns out 
that this is done most conveniently in terms of a certain conformal density tab which 
exists and is smooth for metrics satisfying (*). It shares various properties with the 
(dualized) Cotton tensor. We use it to rewrite our basic equation and to derive a certain 
consistency condition. This equation, which can be read as a PDE of first order for w 
that is implicit and again overdetermined, allows us to derive our main results, which are 
stated in Theorems l8.2l and l8.3l With a certain non-degeneracy assumption the consistency 
condition determines the value of du at i uniquely. This solves the third problem mentioned 
above. The condition furthermore suggests the definition a 1-form k whose differential dn is 
conformally invariant. The requirements that this 1-form be closed and one of its integrals 
satisfy a certain equation provide a criterion under which the metric is conformal to a 
static one near i if it is assumed to be analytic near i. Theorem 18 . 31 considers the C°° case 
and asymptotic staticity. It should be said that the non-degeneracy assumption is made 
only for convenience. Cases where it is violated simply need a more detailed analysis. In 
the final part of section [8] we analyse some aspects of the criterion in more detail. 

In section [9] we finally indicate how our criterion is to be used in the analysis of the 
solution-jets on the cylinder at space-like infinity. With the results mentioned above, 
showing that our criteria are implied by the regularity requirement on the solution-jets at 
the critical sets comes close to showing that the necessary and sufficient condition for the 
solution-jets to extend smoothly to the critical sets is that the initial metric h behaves at 
space-like infinity asymptotically like static dat4j- While the need for such a condition 



^The complete proof requires the understanding of certain degenerate situations. The 
analysis of [47] needs to be extended to deal with the fact that the relation between static 
data and their conformal classes is not one-to-one ([28], [29]) and the present analysis 
should be extended to cover also the cases which have been excluded by the non-degeneracy 
requirement on tat in Theorem [ 



was certainly not forseen when the concept of the conformal boundary was introduced, it 
appears to be a most natural requirement if there must be imposed specific restrictions on 
time reflection symmetric Cauchy data at space-like infinity at all. 

In the articles [27] , [28] , [29] have only been considered conformal extensions of asymp- 
totically flat static vacuum data. They are defined explicitly and uniquely in terms of 
structures associated with the static data. Because the data considered in this article are 
more general we add an appendix in which it is shown that the conformal extensions are 
unique up to conformal diffeomorphisms and that conformal maps of asymptotically fiat 
spaces induce under a suitable assumption conformal maps of the conformally extended 
spaces. This removes, in particular, an assumption made in the articles |28) . |29) . After 
this work was completed it was pointed out to us that some results of the appendix have 
been already discussed in [TT] . 

There is some inevitable overlap of the present analysis with that of [53] and some of 
the arguments are given in more detail here because we expect to need them in subsequent 
work. We do not point out the relationship in each case. 

Acknowledgements: I would like to thank Sergio Dain and Robin Graham for discus- 
sions and the members of the relativity group of Dunedin for discussions and hospitality. 



2 The problem 



We are interested in certain asymptotic properties of smooth, asymptotically fiat (for con- 
venience one end only), time refiection symmetric initial data sets for Einstein's vacuum 
field equations which admit smooth conformal compactifications and satisfy an additional 
decay condition at infinity. In technical terms, which allow us to specify this condition, it 
means that we consider smooth, compact, three-dimensional (negative definite) Rieman- 
nian spaces (S, h) with a distinguished point i ^ S such that 

(i) [S, h) has positive Yamabe number, i.e. 

r 5, K)^~ inf ^^^ ,, ^^,\,n > 0' 2.1 

(ii) h is not locally conformally fiat near i, 
(iii) h satisfies the condition 

^{ai---i?a,5a6}(*) = for p = 0, 1, 2, 3, . . . , p* . (2.2) 

Here D denotes the covariant derivative operator, d\x the volume element defined by /i, 

Rah-, R, Lab = Rab — -rRhab, Bacd = D[c Ld]a: Bab = ^ f^ Bacd ^b'^ , 

the Ricci tensor, the Ricci scalar, the Schouten tensor, the Cotton tensor of h respectively. 
By T{ai...a,}a,+i...a,+j, wc dcuote the tensor obtained from a given tensor Ta^...a,a^+i...a^+p 
by taking the part of it which is symmetric and ft,-trace free with respect to the indices 
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enclosed by the curly brackets. Finally, p* is either a fixed positive integer or p^ =00 in 
which case the requirement on Bab is to be satisfied for all p S N and (|2.2I) coincides with 
condition (*) of the introduction. 

Condition (i) ensures the existence of a unique function il e C'^{S) n C°°{S) which 
satisfies 

Q=0, Dan=0, DaDbQ = -2hab fit i, n>0 on S=S\{i}, (2.3) 

and the equation 

L,,(n'i/2) ==4 7r(S, on S. (2.4) 

Here Lh = A/j — | R[h] denotes the conformal Laplacian where A^ — DaD"^ and Si the 
Dirac density of weight one at i (and thus in i-centered normal coordinates the usual Dirac 
measure Sq). These properties imply that h = 57^^ h has vanishing Ricci scalar and the 
space (S, h) represents in fact an asymptotically flat initial data set for Einstein's vacuum 
field equations with vanishing second fundamental form for which the point i represents 
space-like infinity. 

Condition (ii) and the positive mass theorem imply that these initial data sets have 
ADM mass 

m > 0. (2.5) 

Our main reason for requiring Bab not to vanish identically on some neighbourhood of i 
is, however, that otherwise the data would be conformal to the static Schwarzschild data 
on that neighbourhood and the following analysis would become trivial. 

The evolution in time of initial data as described above has been analysed in |24| in 
a neighbourhood of the 'critical sets' at which space-like infinity 'touches' null infinity. 
In this context, condition (iii) has been obtained as a necessary requirement on the data 
for the solution space-time to extend in a certain sense smoothly to the critical sets. 
Understood as a sequence of conditions for < p < p*, (|2.2[) is conformally invariant 
(|21)) and therefore relevant for the initial data {S, h). 

To analyse the strength of condition (12. 2[) . which is our main interest, it suffices to 
consider the metric h and its associated structures on some open neighbourhood U oi i. 
This neighbourhood can and will be assumed to be sufficiently small for the following 
statements to be correct. With the restriction to such a neighbourhood we will loose sight 
of the global condition (i) which will therefore be ignored in the following. 

We recall some facts which have been discussed in detail, though in somewhat different 
notation, in |15) . Assuming h to be smooth, a convenient local representation of the 
function J7 near i is obtained as follows. Given the ADM-mass ?7i > of the initial data 
set we write ^ — rn^ jA. Then there exist C°° functions p, w on U which satisfy 

p^O, Dap = 0, DaDbP^-2p.hab Sit i, p > On U = U\{i}, (2.6) 

and 

Lh{p-'/^+w) = ^d, on U. (2.7) 

the factor pT^^"^ is inserted on the right hand side to simplify some of the the expressions 
below. The C°° function Lfi{w) vanishes at all orders at the point i and the function w 
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is determined up to replacements w ^ w + w' with smooth solutions w' to L/,, (w') — 0. 
Because this equation admits solutions with w' (i) ^ we can assume w to be chosen such 
that w{i) = 0. Assuming (|2.6p . we can write equation (j2.7p equivalently 

0^T.[h,p] = 2ps~ DapD''p+-Rp^ - p on [/ with s = - A/, p, (2.8) 

6 3 

where p ~ ^ p^^^ Lh{w) is smooth and vanishes at all orders at i. 

If h is (real) analytic the function p is analytic and w — 0, p — in (J2.7I) and 
()2.8|) ([33j). Taking derivatives of the right hand side of equation (|2.8p . requiring them to 
vanish at i and using (j2.6p . one finds that DaDbDcp{i) — 0. Given this, a direct calculation 
shows that the Taylor expansion of p at i is determined uniquely by (|2.6p . (|2.8p because /5 
vanishes at all orders at i. In the analytic case the function p is thus determined uniquely 
by ([/, h, p) and can in fact be considered as a functional of h multiplied by p. In the 
following it will be important that the expression of the Taylor coefficients of p at i in 
terms of quantities derived from h and p are independent of h being smooth or analytic. 

The function p and the associated tensor field 

^ab [h, p] = DaDbp - S hab + P {I - p) Sab, (2.9) 

with s given as in (j2.8p and the trace free part Sab = Rab ~ '^ R f^ab of the Ricci tensor, 
will play central roles in the following discussion. We set 

Aa[h,p]=DaS+{l- p) SabD''p+^RDaP+^p{l- p) DaR, (2.10) 

'^bca[h,p] = (1 - p)Bbca - 2 D^cP Sa]b - D'^ p Sa[cha]b- (2.11) 

Eab[Kp\ = ]^^acdeb'''^{l-p)Bab-D,pSd^a^b)'"'- (2-12) 

A direct calculation which uses the Bianchi identity 

D^^Sab^^DbR, (2.13) 

6 

and the decomposition of the curvature tensor 

Rabcd = 2 {ha[c Ld]b + hb[d Lc]a), (2-14) 

valid in three dimensions, then gives (suppressing the argument [h, p]) the identities 

A, -ii^'^E,, (2.15) 

D[c ^a]b +2^" ^"^^ ^"i'' ^ *" ^'"'°'' (2-16) 

Da^^ 2pAa-2D''pi:ba + l p' D^R - Dap. (2.17) 

6 
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Static vacuum data 

Let us assume that h satisfies tlie equations 

R[h]^0 and T^abih, p] ^ on U. (2.18) 

The identities above then imply that A^ — 0, Sate — 0, Da{I^ + p) = on U whence 
S = —p on U because E + p = at i by (|2.6p . 

If we assume in addition that h is analytic then p — whence S = 0. Setting then 

v= ~ ^ and h^n-^h with n^ = — — on U^U\{i}, (2.19) 

1 + Vp Ai(l + V^) 

and using the transformation law of the Ricci tensor under conformal rescalings, one finds 
that V and h satisfy the equations 

Rab[h] - - DaDbV ^ 0, A-^v^O, (2.20) 

which imply that the Lorentz metric g = v^ dt^ + h defines a Lorentzian asymptotically 
flat solution to Einstein's vacuum field equations on M = M x C/ which is static. 

It is well known ( 5 ) that asymptotically flat solutions to the static vacuum field 
equations (|2.20p admit conformal extensions at space-like infinity with a rescaled metric h 
which is real analytic near i in suitable coordinates (so that (|2.7p holds with w — 0) and 
satisfies the conformal static field equations (|2.18p . 

It follows then that 

= Eab[h, /i] = (1 - p) Bab - D.pSd^a ^b) '\ (2-21) 

which implies 

= BabD^pD^p near i, (2.22) 

and thus condition (|2.2p with p* = oo ([21], see also section |6]). Because of the conformal 
invariance of (|2.2p , data which are conformal to static vacuum data near space-like infinity 
thus represent a class of data which satisfy condition (|2.2p in a non-trivial way. This implies 
the existence of a large class of time-refiection symmetric, asymptotically fiat vacuum 
data which are C°° and satisfy (|2.2I) in a non-trivial way. The examples pointed out in 
the introduction have in common, however, that they behave asymptotically like metrics 
which are conformal to static vacuum metrics. 

If above we had just required that h were C°°, that R[h] = near i (a conformal gauge 
that can locally always be achieved), and that l^ab[h,p] only vanished at all orders at i, 
we would have concluded that h and v satisfy the static vacuum equations asymptotically 
in the sense that the fields on the left hand sides of equations (|2.20p have, in terms 
of coordinates exhibiting the asymptotic flatness of the metric h, arbitrarily fast fall-off 
behaviour at space-like inflnity. Similarly we would have concluded that the fields on the 
right hand sides of equations ()2.2ip and p.22p vanish at all orders at i from which we 
would again have obtained (12. 2p with p^, — oo. 

In this article we would like to answer the following question. Suppose h is a smooth 
metric which satisfies condition (*), does there exist a criterion which allows us to decide 
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whether h is in fact conformal to a metric which behaves at space-like infinity asymptoti- 
cally like a static datum ? 

Though the meaning of the question should be intuitively clear the following definition 
allows us to explain some subtle distinctions. 

Definition 2.1 Let {S,h) denote a smooth, time reflection symmetric, asymptotically flat 
vacuum data set (one end only) and S" a (in the following suitably chosen) neighbourhood 
of space-like infinity in S. We say that {S,h) is 

(i) asymptotically static of order j for some given positive integer j if there exists a 
static, asymptotically flat vacuum data set {N, k, v) and a diffeomorphism 
■0 : A^ — > S" so that ijfh — fc = Odzj^-') as \z\ — > oo, where z" denote coordinates 
on N in which kab = ^ (1 + 4^) 6ab + 0(|2:|^^-'-+'^)) as \z\ -> cx) with some e > 0, 

(ii) weakly asymptotically static if it is asymptotically static of order j for all j £ N, 

(iii) asymptotically static if there exists a static, asymptotically flat vacuum data set 
(N, k, v) and a diffeomorphism ip : N ^- S' so that ip*h — k — 0{\z\^^) for all 
J € N as |z| — ;> c», where z" denote coordinates as in (i), 

(vi) static near space-like infinity if there exists a static, asymptotically flat vacuum 

data set (N, k, v) and a diffeomorphism rp : N ^ S' so that 'ip*h — k = 0. 
More generally, (S, h) will be said to be: (i') conformal to data which are asymptotically 
static of order j , (ii') conformal to data which are weakly asymptotically static, (iii') 
conformal to asymptotically static data, (iv') conformal to static data near space-like 
infinity respectively, if the requirements of (i) - (iv) hold with the relation ip*h — k replaced 
by ijfh — 6^ k where denotes a smooth conformal factor 6 such that c < < c^^ on N 
with some constant c > 0. 

In both hierarchies any given condition implies the preceding one. If {S, h) in (Hi) 
is such that {N,k,v) and ip can be chosen so that ip*h is real analytic, it also satisfies 
(iv). The discussion in the introduction shows, however, that there exist C°° spaces {S, h) 
satisfying {Hi) which are not static in any neighbourhood of space-like infinity. Even if 
(5, h) in [ii) is such that for any given j the space [N , k, v) and the map ip can be chosen 
so that ip*h is real analytic and the condition of (i) is satisfied, condition may (iv) not 
necessarily follow. It has been shown in [27j that any static vacuum data set {N, k, v) is 
defined uniquely up to diffeomorphisms by a sequence of 'null data'. The map ip allows 
one to associate with {S, h) null data up to some order / — j'{j). Without further analysis 
there is, however, no reason to assume that the fact that this can be done for all j € N 
implies that there can be associated with (5, h) a unique sequence of null data which 
satisfy the convergence requirement found in [2^ . 

Property {ii') is of particular interest here. Data {S, h) which satisfy it are at present 
the most general ones known to guarantee, possibly after the suitable conformal rescaling, 
a smooth extension of the solution jets to the critical sets. 

In the category of conformally compactified C°° metrics our problem is a question 
about the structure of the Taylor expansions of the metrics at the point i. The direct 
analysis is not only awkward, however, but it is also not easy to see how the argument 
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could go. For convenience we shall therefore consider at various occasions metrics which 
are real analytic on some neighbourhood U oi i. This will allow us to study some of the 
relevant subproblems in closed form. Once the basic argument is understood the results 
can then also be obtained by successive order for order arguments in the C°° case. 



3 The basic equation 



To discuss the nature of our problem more closely, we need the following consequence of 
the conformal covariance of Lh which slightly generalizes Lemma 2.1 of ([28]). 

Lemma 3.1 Assume that the C°° initial data set (S, h) with ADM mass m satisfies con- 
ditions (i) - (Hi) so that fi = r7T,^/4 > and p is given on some neighbourhood U of i. Let 
m' a positive number and § be a positive solution of the equation 

Lu{d) =0 on U. (3.1) 

// we set h'^i^ — i?'* hab then the Ricci scalar of the metric h' satisfies R\h'] = on U and 
the functions p' = ^ (^(j) ^)^ P, w' = J^ (i?(i) i?)"^ w satisfy 

Lh'{-i=f+w) = —j=d^, 
VP VP 



where b\ denotes the density which coincides with the standard Dirac measure 5o in i- 
centered h' normal coordinates. Conditions h2. b]) hold with p, pi, and D replaced by p' ,\i! 
and the derivative operator D' of h' , w'(i) = 0, and Lfi'{w') vanishes at all orders at i. 

Assuming that m' = m, 'd{i) = 1 and writing ui = i?^^ we have 

h'ab = ^^^ Kb, P = tj"^ p, (3.2) 

uj{i) = 1. (3.3) 

It will be convenient to rewrite equation p.ip . which reads in the new notation 

Lh{u-^'^) = ^\u-''/^R[h']^Q, (3.4) 

o 
in the form 

0^t[h,uj] = 2ujt- DaUjD''uj+ -R[h]u'^ with f = - A^cj. (3.5) 

o 

We note that there is still a considerable freedom in choosing the function w. 
To express 

^ab[h', p] = D'^D[p' - s h'^^ + p'{l ~ p) s'^,,, 
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in terms of h and p, we use 

D'^ p =UJ^^ Dap -UJ^"^ p DaUJ, 
D'^D'f, p' ^LJ-^ DaDb p-UJ^^ p DaDb UJ - W"2 hah DcUJ D^p + UJ-^ p hab DcUJ D'^u, 

s' h'^b ^ \ ^^^ * ^ "^^^ ^c^ D'^P ^ P { ~ w^^ A/iOj — uj^^ DcijJ D'^uj j > hab, 
which give with the general transformation law 

s'ab = Sab[h'] = Sab[h] + OJ^^ DaDbUJ - - hab i^^^ ^hUJ, (3.6) 

the relation 

1 p2 ^ 

^ab[h\p'] = -T.ab[h,p\ :rT.ab[h,Uj], (3.7) 

with 

T,ab[h,Uj] = DaDbLO - habt + U}{l - Lj) Sab- (3.8) 

We note that p.7p holds for arbitrary positive conformal factors uj, because equations 
(|3.3p . (13.51) have not been used to derive this relation and there has not been assumed a 
particular conformal scaling of h. If h" = ^~^/i', p" = ■d~^ p' with some smooth function 
1? > on [/ repeated application of the relations above gives 

^ab\h!', P"\ = \ ^ab[h', p'\ - ^ S[/J', ^] (3.9) 

2 



Sa6[/l, P] - t£t3 {?9' Sa6[/i, W] + C^ S„fc[/l', ^] } , 



which implies the transformation law 

tab{K'duj\^'d'^tab{hM+^%A^A^ (3.10) 

of the functional Saj,, which is non-linear in the second argument. Similarly we get the 
transformation law 

Sf/i'.i9] ^ifY\h,uj\~'^d^mi\ + ^R\}i'\. (3.11) 

6 6 

For later use we note some general relations (suppressing [/i,a;]). Direct calculations 
which use (PTHl) . (PTTi)) give 

Dj:.ab = DcDaDbUJ - hab Oct + (1 - 2uj) DcUJ Sab + W (1 - Uj) DcSab (3-12) 

= DaDcDbUJ - R"^ bca DdUJ - hab D ^t + (1 - 2 w) DcU] Sab +L0{1- u) D^Sab 

D'^t^a ^2Dat + 2{l-L0) Sab D^UJ + - RDaUJ + - LO (1 ~ Lo) DaR, (3.13) 

6 
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D[c Sa]b + 2 -^^ ^e[c ha\b = W {(1 - LO) Bbca - 2 D[cUJ 3a]b - D^UJ Se[c ha]b}, (3-14) 

Da± ^UjD^±ca-2 D^LO S,„ + ^ CJ^ I?,i?. (3.15) 



To show that smooth data (S*, h) satisfying conditions (i) - (iii) are on some neighbour- 
hood U oi i conformal to static data, it is by p. 71) , p.Sp necessary to show the existence 
of a smooth function lo on U with u){i) = 1 that satisfies (I3.5P and the &aszc equation 

DaDbUJ-habt + LL>{l-Uj)Sab-(^'^ fab^O with /ab = /ab [/l, p] = P"^ Safe [/l, p] . (3.16) 

If ft, and cj where real analytic this would also be sufficient. To show that the data {S, h) 
are asymptotically conformal to static data in the sense that h could be rescaled so that 
the field Safc[^', p'] in p. 71) vanishes at all orders at i one would have to find a solution w 
of (|3.5p so that the term on the left hand side of equation p.l6p vanishes at all orders at i. 
Even if we ignore the question of analyticity here, these tasks are complicated by several 
features of (IS3|), ([XTCl) . 

The system 113.16]) is highly singular at i. 

In coordinates x"' with origin at i we have p^ — 0(|x|^) as a:" — > 0. Thus we can 
only expect to find a smooth solution uj if fab admits a smooth extension to a whole 
neighbourhood of i. As shown below, this can be true only if the Taylor coefficients of Y,ab 
at i satisfy conditions at any order. Dividing both sides of p.7p by p'^ and assuming cu to 
be an arbitrary smooth positive conformal factor on U gives the relation 

fab[h',p'] =Ojfab[h,p] tab[h,Oj], (3.17) 

OJ 

which shows that the possibility to extend fab as a smooth (real analytic) function to U 
only depends on the conformal class of h. 

We add a few observations concerning the function fab- Where defined, fab is sym- 
metric and /i-trace free. From 

Dcfab = P^^ DJlab - 2 p"^ DcP T.ab = P^^ Dc^ab ^ 2 p"^ DcP fab, 

follows with (EiHl), (PT5|) . (I^TT)) 

D^'fab =^{pAa~ Dy^ab) = ~l DaR. (3.18) 

The divergence of fab thus extends smoothly without any assumption. Moreover, with 
(Pr^ follows 

D[cfa]b+-^ D" fe[c ha]b = P^ ( ^[c^ajfe + - D''Y,c[c ha]b ] -'2, p^ ( D[cP ^a]b + X ^'^ P ^e[c ^ajt 
= P"^ {(1 - p)Bbca ~ 2D[cPSa]b ~ D''pSe[cha\b- 2 D[cP fa]b ~ D" p fe[c ha]b} 
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whence 

2 (1 - p) Bm - 2 D,p (S,(, + /,(,) td) ™ = p (.DJab + ^ ^"^/ec hai)j ^i "", (3.19) 

and, using p.lSp . 

pDiJa]b^ (3.20) 

— p D[cR ha]b+{l - p) Bbca - 2 D[cP Sa]b - D" p S^y^ ha]b - '2 D[cP fa]b - D" p fe[c ha]b- 

If fab admits an analytic extension to some neighbourhood of i this implies a relation 
between fab and Bab- It will be used in section [H 

The system i3.5\) . k3.16\) is highly overdetermined. 

Assume that fab extends smoothly to a neighbourhood of i. To some extent the 
situation is then ameliorated by the following observation. 

Lemma 3.2 Any solution on U to 113. 1 6|) which satisfies uj{i) — 1 and T,{i) = 0, i.e. 

2t^DaUjD"-uj- -R\h] at i, (3.21) 

6 

also satisfies equation \3. 5\) on U . 
In fact, dSm, ((3l6l) . (|XT8)) imply 

Dat = UjD' (C^2 j^^) _ 2 D'i^ Eea + I Lj"" DaR 

6 

= Uj"" D'fca + 2D'0J {UJ^ f,a -tca) + luj^ DaR = 0. 

6 

D 

Thus apart from requiring Lu{i) = 1 and the relation p.2ip . which fixes the value of t 
at i once 

Ca=DaL0{l), (3.22) 

is known, we are left with p.l6p . It may look somewhat odd that a condition of second 
order at i has to be specified above but this becomes plausible with the following obser- 
vation. Applying to both sides of equation (I3.16P the covariant derivative Dc, commuting 
derivatives on the right hand side, contracting, and observing p.lSp gives the integrability 
condition 

^ Aa[h,Lj] = Dat + {1 - LJ) SacD^LJ + I RDaUJ + —UJ DaR - OJ facD^UJ, (3.23) 

12 

which may require the specification of t{i). 

The overdeterminedness does not leave much freedom. If ] — a,a[9 r —> 7(t) G [/, 
a > 0, denotes a geodesic with unit tangent vector 7° and 7(0) ~ i the equations 

ri'itab[h,U;]~LO^fab)^0, ri^ab[Kio]-LO^fab)^0, rK[h,U;]=0, 
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can then be read as a system of ODE's for the quantities ut, Daco, t along the geodesic 7. 
Solving it along all such geodesies with initial conditions 

gives smooth fields uj, DaOJ, t on U . It follows that if there exists a positive solution to 
of (|3.16p it is uniquely determined by Cq and it is smooth resp. real analytic if h satisfies 
this requirement. This does not answer the question, however, whether there does exist 
a solution to (I3.16p . In fact, it is not clear whether the fields denoted here by DaUJ and t 
can be obtained from the given function w by taking suitable derivatives. There remains 
a somewhat subtle problem. 

What determines the value of Ca ? 

Assume that h is conformally flat near i. Since the question we wish to answer only 
depends on the conformal structure of h we can assume h to be fiat near i. Let a;° be 
j-centered /i-normal coordinates near i so that hab — —Sab- Then p = (2^,2;) = 5abX°'x^ 
and it follows that Yiab = 0. The geodesies 7 are given by the curves r — > x°-{t) — rx" 
with (a;*,a;*) = 1 and the equations above take the form 

-f^cj + i = 0, -^D^uj-tk" = 0, 4* = 0- 
dr-^ dr dr 

The solution, given by 

t = -2(c,c), D°-Lu^2c°- -2{c,c)x'', lu = 1 - 2{x,c) + {c,c) {x,x), 

defines also a solution to (|3.16l) . The metric h'^^^ ~ —lj^'^ Sab so obtained is again flat, 
it holds /i^f, = {f*h)ab where the diffeomorphism /, which maps a neighbourhood of i 
onto another such neighbourhood, is given in our coordiates a;" by the special conformal 
transformation 

x" ^ fix") = - {x''-{x,x)c''). 

UJ 

In this case the choice of Ca is completely free. 

In the case where h is not conformally flat near i the situation is more complicated. 
Assume that h satisfies equations (|2.18p . We could then try again to solve equation (|3.16p 
for some initial datum c" ^ 0. If there existed a solution w, both metrics, h and h' = w^^ h, 
would satisfy equations (|2.18|) with do; ^ in a neighbourhood of i. It has been shown in 
[2 8) . [29] . however, that this can be the case only for a very restricted class of solutions 
and that Ca must be related in those cases in a special way to the solution h. In general, 
(|3.16|) is solvable only for a unique choice of Cq, if it is solvable at all. 

4 The central-harmonic gauge 

Some of the following considerations will simplify if the conformal scaling of h is suitably 
normalized. There are several ways to restrict the conformal freedom of h near i, but 
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in general it is not possible to remove it completely. In general, specifying a conformal 
gauge leaves the freedom to specify the value of the conformal factor and its differential 
at i. This is related to the fact that dilations and special conformal transformations map 
certain neighbourhoods of the origin in Minkowski space conformally onto each other. 

The conformal scalings most suited to our purposes seem to be the ones in which the 
metric h has the property that its coefficients hab in i-centered normal coordinates satisfy 
the relation 

det{hab) = —1 near i. (4.1) 

The coordinates so obtained have been occasionally referred to as conformal normal co- 
ordinates. In [35] the same terminology was used for coordinates defined in a completely 
different way and related to a different type of normalized conformal scaling and in sec- 
tion [5] will be mentioned still another gauge which has also been referred to as a conformal 
normal gauge. To avoid any confusion we shall not use that name here. Following [44] 
(cf. also [36]) with some simplification, we shall refer to metrics satisfying (|4.ip as being 
given in a central harmonic (conformal resp. coordinate) gauge, always assuming that the 
center referred to is given by the point i. 

For real analytic Riemannian or pseudo-Riemannian spaces (S*, h') of dimension n > 3 
the existence of conformal scalings leading to (14. ip with respect to a prescribed center point 
has been discussed in [36]. It was shown there that for prescribed values 'd{i) > and 
d-d £ T*S there exists a unique real analytic function ■& near i which assumes these values 
at i and for which the metric h = d^ h' satisfies in i-centered harmonic coordinates the 
condition (|4.1|) . The existence of such scalings in Riemannian spaces has been discussed 
in [5] in the C°° and in [37] for suitable values of k and a in the C**^'" category. 

As mentioned in the references above, the central harmonic gauge can be characterized 
by several useful conditions, which we discuss in the 3-dimensional Riemannian case. 
Condition ()4.ip is saying that the exponential map expj is volume preserving. Let U 
denote a convex normal neighbourhood of the i and r(p) the square of the /i-distance of 
a point p £ U from i. It represents the unique smooth (real analytic) solution to the 
conditions 

D^r DT + 4 F == on U, F=0, DaT ^ 0, DaDbT = -2Kb at i. (4.2) 

The equation on the left hand side will be referred to as the eikonal equation (though this 
is usually used for the equation which is obtained by rewriting the equation above in terms 
of the unknown vT). In i-centered normal coordinates x'^, characterized by the condition 
hab{x)x'^ — hab{0)x'' — —Sabx'', it holds F = jxp = dabX°-x'' whence DaT = —2habX^ 
and thus 

D,DbT = -2Kb-Kb,cx'^, A,F = -2n-^^^%^%^. (4.3) 

This shows that (|4.1[) is in our case equivalent to 

A,,F === -6, (4.4) 

or to 

A,(^-^)=4 7rJ,. (4.5) 
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On the geodesies sphere S^ — {vT = e > 0} with small radius e consider a frame 
e/c, k ~ 1,2,3, with e° = (4r)~^/^I?°r the geodesic radial unit vector and vectors e^, 
A = 2, 3, tangent to S'e such that /i(ej, e^) = —Sjk- The second fundamental form on S^, 
given in the frame ca by xab = h{Dej^ei,eB) = (4r)^^/^ e^ e^ DaDbT, has then trace 

/i^'' XAB - (4r)-i/2 (A^r + e? e? i^„Ar) - (4r)-i/2 (A^r + 2), 

which implies that A/jF = — 2 n is equivalent to h^^ Xab = — if- 

A characterization of the central harmonic gauge in terms of fields of higher order 
which will be used later on is obtained as follows. Applying two covariant derivatives to the 
equation on the left hand side of (J4.2I) . commuting covariant derivatives, and performing 
a contraction gives with n = 3 

= Rab D^'T D^T + DaDbT D^'D^T - 4 n + D^V Da (A/^r + 2 n) + 2 ( A/^F + 2n). 

Because we can write in i centered normal coordinates x"" 

DTijir)) = -2a;°(7(T)) = -2t<, a;° = const. ^0, r an affine parameter, (4.6) 

along any geodesic 7(t) passing through i, it follows for smooth functions / that 

DT Daf = -2 T — / along the geodesic 7(r), (4.7) 

UT 



and thus 



2 d (Ahr + 2n 



D'T Da(AhT + 2n) + 2 (A^F + 2 n) = -2 r^ — 

dr 

Because Aft,F + 2n = 0(|xp) in normal coordinates as a;" — ?> by (|4.3p . it follows 
AftF = — 2n holds in normal coordinates near i if and only if 

RabD^TD'^T^ 4n^ DaDbT D^'D'T = -h""^ h^'f hab^cx' hef ax'', (4.8) 

in normal coordinates near i. 

Here equations (|4.ip . (|4.2p . (|4.3I) have been used to obtain the expression on right hand 
side. The central harmonic gauge thus implies near i the relations 

... D^r D^F - 1 F i? = 4 . - DaDbT D^D^T = -h- h^f K.^. .= ..,, .^ (4.9) 

D.sab D^T D^T + 2 ... D'^T D.D^T -\d.^R-\tD.R (4.10) 

= -2DcDaDbTD''D^T, 
DdDcSab i?"F D'^T + 2 DcSab D^D^^T D^T + 2 D^Sab D.D^T D'^T (4.11) 

+2 Sab DdDcD^T D^'T + 2 Sab D.D^T D^D^'T 
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- - {DdDcR T + DcRDdT + DdRDcT + R DdDcT) 
= -2 DdD.DaDbT D'^D'T - 2 D.D^DkT DdD^^D^T. 

Relation (|4.9p implies in particular that in a central harmonic gauge Ratx"" x^ = 0(|a;|^) 
as |a;| — 7> , and thus 

R{i)=0, SabW-O, DaR{i}=0, D(^,sha){i)=0, (4.12) 

and thus 

DaRbcdeii)^0 if Babii)=0. (4.13) 



5 The function p 



In this section we describe a construction of the function p which allows us to relate it 
to the properties of the local geometry near i and to analyse the regularity of fab at all 
orders. We assume here h to be real analytic. As pointed out in [T^, the construction 
discussed here gives also rise to the construction of a corresponding function p in the C°° 
case. 

5.1 The Hadamard construction 

Suppose {S, h) is real analytic near the point i. We use Hadamard's construction to obtain 
a parametrix with pole at i for the operator 

L = Lh = Ah-lR[h] with Ah = DaD''. 
o 

To begin with we keep the scaling of h general. We shall specialize to the central-harmonic 
gauge later. 

Let x"" denote /i-normal coordinates centered at i and F the function considered in 
(j4.2[) . Our discussion will be restricted to a sufficiently small convex normal neighbourhood 
B{i) of i on which h and the function F are real analytic. A real analytic function [/(x°) 
which satisfies U{i) = 1 and L[L/F^2] ^ on B{i) \ {i} is obtained on B{i) as follows. 
Inserting the ansatz 

oo 

t/ = ^c/pr^ (5.1) 

with coefficient functions Up into the equation 

o^-riL[ur-i] = DTDaU + ^{Ahr + 6)u-rL[u], (5.2) 

writing the resulting expression again as a series in terms of powers of F, and assuming 
that the coefficients functions vanish seperately yields the equations 

D''rDaUo = -^iAhr + 6)Uo, ^7(^)-l, (5.3) 
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I?'^ri?,[/j,+i = -i(A„r + 2-4p)[/p+i-^-^L[t/p], p = 0,l,2,.... (5.4) 

The solutions Up are obtained as follows. Writing (|4.6p along a given geodesic equation 
(|5.3p reduces to an ODE which can be immediately integrated to obtain the solution 

[/o(r<)=exp|i^'(A,r + 6)(s<)^|, 

which can also be expressed in the form 

Uo{x'^)^llJ iAhT + 6){sx'^)^\. (5.5) 

The remaining equations, rewritten with (15.31) in the form 

o«rr,.(itil)..„+i)(a;tl)- Ja_, , = o,,. ,,,) 

have unique smooth solutions near r = which are obtained recursively in the form 

P+iv *; (4p + 2)rP+i Jo Uo 
They can be written more concisely 

Up^.ixn^^^ r^isx^s^ds, p = 0,l,... . 
4p + 2 Jq Uo 

The functions Up are real analytic in a neighbourhood of i if the metric hab is real analytic 
there. It has been shown in [33] that the series defined by (|5.ip is absolutely convergent 
and thus defines a real analytic solution near i. 

5.2 An expression for p 

The uniqueness of p, comparison of (|2.6p and ()4.2p give with ()5.ip near i 
where 

^1^A*TT2 ^2 = -2MtT3 V3=^i -3 , ... 

Cq (Jq Uq 

The following relations will be used later on. From the expansion above we get with certain 
analytic functions Fa, Fab, Fabc 

DaP=ViDaT + TFa, (5.8) 
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DbDa p = DbVi Da T + DaViDbr + ViDi,DaT + 2V2DbrDaT + TFba, (5.9) 

D.DbDa p = Vi DcDb DaT + 3 D^.D^Vi Da)V + 2, D^.Vi 0^0^) T (5.10) 

+6 D(^,V2 DbTDa)T + & V2 D^.T DbDa)T + &VzD,T DbT DaT + T F^ba- 

Assuming now a central harmonic gauge, various expressions simplify. We get Uq — 1 
and thus 

1 /■! 
Vi=p, V2 = -2nQ with Q{x^)^Ui{x^) = -— R{sx'')ds, (5.11) 

16 Jo 

V3=/i(3Q'-2P) with P{x'') ^ U2{x'') ^ I I s{AhQ'lRQ)isx'')ds. (5.12) 

D Jo ° 

In some calculations it is useful to write with the notation of (j4.6p 

Q{rxt) = -^ r R{sxl)ds, P(r<) = -i^ f s {A^Q -\rQ){sx:) ds. (5.13) 
16 T Jq &t^ Jo 8 



Moreover, equations (j5.4p imply in particular 

D''TDaQ = 2Q+\R, D''TDaP^AP~\{AHQ~\Q). (5.14) 

o o o 

6 The holomorphic extension 

Assume h to be real analytic and all fields to be given in i-centered normal coordinates 
x"" on some open convex normal neighbourhood O of i. If we consider R'^ and thus O as 
being embedded in the usual way in C^, all real analytic fields considered so far extend 
in a unique way as holomorphic functions to some connected open neighbourhood O of O 
in C^ where the extension of hab is non-degenerate. The differential geometric relations 
satisfied on O will be preserved on O and we can assume the extended functions x"' to 
define normal coordinates in the sense that a;° hab{x'^) = x"" hab{0) on O. 

We are only interested in properties which hold on some unspecified connected open 
neighbourhood of i. In various of the following statements it is understood that O or other 
neighbourhoods of the point a;" = are chosen sufficiently small and 'close to i' should be 
read as a reminder of this. Though it would lead to logically more satisfactory statements, 
we shall not introduce the language of germs of analytic functions (cf. i38|), hoping our 
simple applications of complex analysis to be obvious enough. 

The extension into the complex domain will allow us to analyse certain relations by 
differential geometric techniques which otherwise would have to be discussed in terms of 
formal expansions. The symmetric tensor hab defines at each point of O a cone of null 
vectors. Of particular interest to us will be the subset Afi of O which is generated by the 
complex null geodesies passing through i. In terms of the normal coordinates a;" or the 
extended function F, which satisfies (|4.2[) on O, we have 



A/; = {x" e 0\ Sab x" x'' = 0} = {x"" e 0\ Tix") = 0}. (6.1) 
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Because null geodesies considered as point sets are conformal invariants, the set Mi is 
a conformal invariant as well. The set Mi \ {i\ represents an analytic null hypersurface 
and Mi is a holomorphic subvariety of O with singular point i f j38]). 

Equation (I3.16|) can only admit smooth solutions if the tensor field fab = P^^ ^ab 
extends smoothly to i. This requirement implies at all orders restrictions on the coefficients 
of the Taylor expansion at i of Y^ab- The details of this fact are most easily discussed if h 
is assumed to be real analytic. The field fab then extends as a real analytic field to i if and 
only if it admits a holomorphic extension to O. Because p = pTU~'^, where pU{i) ^ 0, 
this then implies that the fields Tiab and Dc^ab are holomorphic and vanish on Mi- The 
infinite sequence of conditions on the Taylor coefficients of these fields at i follow because 
i is a singular point of Mi . 

Lemma 6.1 A holomorphic tensor field T on some neighbourhood O of i vanishes on Mi 
if and only if its covariant derivatives at i satisfy in space spinor notation the sequence of 
conditions 

D(c,D,---Dc,D,)Tii)^Q P-0,1,3,..., (6.2) 

where the brackets denote symmetrization. The equivalent conditions in tensor notation 
read 

D[,^...D,^}T{t)^0, p = 0,l,3,..., (6.3) 

where the curved brackets denote the symmetric trace free part with respect to the indices 
in brackets. 

Proof: Since we consider tensor relations we can use coordinates and a frame field which 
are well adapted to the situation. Let Ca, a = 1, 2, 3, be an /i-orthonormal frame field on 
O near i which is parallelly transported along the /i-geodesics through i and let x" denote 
normal coordinates centered at i so that e'' a = < dx^, Ca > = (J*" a at i. At the point with 
coordinates x" the coefficients of the frame then satisfy 

-^ x''=S\x'', Xbe\ = Xb6\ where Xa = Sabx\ (6.4) 



e 



where it is assumed, as will be done in the following, that the summation rule does not 
distinguish between bold face and other indices. In the following all tensor fields, except 
the frame field Ca are expressed in terms of this frame field, so that the metric is given 
by /lab = h{ea, Cc) = — (^ab- With Z?a = De^ the connection coefficients with respect to 
Ca are defined by D^^Cc — Fa'^ceb- Let X denote the vector field near i which has in 
normal coordinates the expansion X{x) = x^ S'^bGa. so that X = —1/2 gradhT and thus 
tangential to the geodesies passing through i. 

Suppose T is a tensor field of rank (r, s) near i which has components T'^i ^^ j,^ j,^ 
with respect to the frame Be- Since Dx c^ = 0, we find for x* sufficiently small and |r| < 1 

|:(T'^^-"'- bi...b.(TX^)) = xf i^T^'-'"" bi...bJ(TX^) = X'^(a;^)(i?cT---'- bi...bJ(TX^). 

Observing that such formulae also hold for the covariant differentials of T, we get for 
p = 0, 1, 2, . . . by induction 

dP 

—T^--''^^,...^Srx')^X'^^{x'^)...X'^-{x-)D,^...D,,{T^--^^,,,...^Mrx'). 
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This implies a Taylor expansion of the form 

T"^^-"- b,...bA^n = E - X^'i^") ■ ■ ■ X^'H^n Dc,... i?ciT----- bi...b.(J), (6.5) 

which is absolutely convergent for sufficiently small values of x"" . 

Let 7(r) a null geodesic on Mi with 7(0) — i. In the normal coordinates x" it has 
a representation r — >• t a;° with some a;° ^ which satisfies dab a;° x^ = 0. In the space 
spinor formalism, in which the frame is written bab with cab = G{ab)^ the vector field 
X — X^^ CAB is null along 7 so that we can write X^^{'-f{T)) = t u^ l^ with a spinor 
field b^ which satisfies D^t"^ — 0. With this notation the expansion (|6.5p implies along 7 

T'^-'^'- b,...b.(7(r)) = E V'' ''''' '''''■•■ '''' '''' ^^''^'' ■ ■ ■ ^C7,D,T— - b,...b. (*). 

(6.6) 
We can symmetrize here over the indices Cp . . . Di and conclude that T vanishes along 7 
if and only if 

= i""- i""-... 6^1 6^1 D^c.D, ■ ■ ■ Dc,D,)T'''-''- bi...b.(*) p = 0, 1, 3, . . . 

Since 7 was arbitrary these equations must hold for arbitrary l , which implies for all 
p > that D(^c D ■ ■ ■ DciDi)T'^^"^'' bi...bs(*) = 0. Relation (|6.3p is just the translation 
of this equation into tensor notation. 

D 

We note that the singular nature of the point i with respect to Mi comes into play only 
in the last step of the argument, where it is used that all null directions at i are tangent 
to Mi- In the analytic case a similar argument implies: 

Condition h2. S^) with p^ = 00 is equivalent to the condition that 

BabD^pD^p^Q on M near i, (6.7) 



which follows from {57 

In fact, the gradient D^^ p is by (15. 7p proportional to D^^T on Mi whence tangential 
to the null directions on Mi and thus also proportional to l l^ along 7. On 7 the relation 
(|2.22p is thus equivalent to Babcd '-'^ i^ i'~^ l^ = . The conclusion then follows with the 
type of argument above. 

Observing that D'^p is tangential to the null directions oi Mi, which are conformal 
invariants, and that Bab is a conformal density, condition (j6.7p and thus condition (j2.2p 
with p* = 00 is seen to be conformally invariant. 

To control the smooth extensibility of fab we would like to make use of condition p.2p 
with p^ ~ 00. Sorting out in terms of Taylor coefficients whether this condition implies 
relations like (|6.3p with T corresponding to the fields Eo& and Dc'Sab would require some 
awkward algebra. The following result will allow us to discuss the question in a more 
geometric way. 
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Lemma 6.2 Let g be a real analytic function on O. Then the real analytic function f — y 
on 0\ {i} extends as a real analytic function to i if and only if the holomorphic extension 
of g to O vanishes on Mi . 

Proof: If / admits the desired extension the relation g ~T f then satisfied by the three 
holomorphic functions to O implies that g — Q on Mi. 

Assume that g 7^ on O and g = G ou Mi- Denoting the normal coordinates x° by 
x, y, z we have T = x^ + y'^ + z^ . By the Weierstrass Division Theorem ([38^) there exist 
then holomorphic functions k — k{x, y, z), a — a{x, y), and h = b{x, y) such that 

g = kT + az + b near i. (6-8) 

Our assumption implies that a(a;, y) z + 6(x, y) = if x^ + y^ + z^ = and thus 

b^=qa^ with q = -{x"^ + y"^), (6.9) 

for (x, y) close to (0,0). 

Consider the ring Hq of functions which are defined and holomorphic on some con- 
nected open neighbourhood of the origin in C^ . We consider these functions as representing 
their Taylor series at the origin which converge on some neighbourhood of the origin. A 
function m G Hq is called a unit if it has a multiplicative inverse m~^ close to the origin, 
that is m(0, 0) ^ 0. A non- vanishing function m £ Hq is called a nonunit if ?7i(0,0) = 0. 
A nonunit m € Hq is called irreducible over Hq if it cannot be written as a product 
m — mi 7712 of two nonunits rrii, m2 in Hq. 

To show that (|6.9|) leads to contradictions unless a and b vanish near (0,0) we use 
the fact that every nonunit in Hq can be written near the origin as a product of a finite 
number of irreducible factors which is unique up to reorderings and insertions of factors 
e ■ e~^ with units e ([38]). An example of this situation is given by the relation 

q — q+ q- — e q+ e^^ g_ with q± — ix ±y and e a unit in Hq. 

Most important for us is the observation that e can not be chosen here such that e q^ = 
e^^ (7_, in other words, q can not be written in the form q = c^ with some c £ Hq. It 
follows then immediately from (j6.9p that a cannot be a unit. Thus, if a ^ 0, a and b admit 
factorizations in terms of irreducible factors so that (|6.9I) takes the form 

bl-bl- ...-bl^qal- ...-al 

But the uniqueness of the factorization implies that this is in conflict with the observation 
that q cannot be written as a square. It follows that a = 0, 6 = in equation (|6.8p which 
implies that g = on Mi- 

D 



6.1 Some relations on A/i 

For the analysis of fields near Mi it will be convenient to consider a neighbourhood W of 
a given null geodesic 7(t) in Mi, 7(0) — i, and assume W to be ruled by null geodesies. 
Let 

n", p", m" with n" = D'T, (6.10) 
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be a smooth frame on W \ {i} satisfying 

Han" =pap''^nam'' =pam'' = 0, nap" = l, mam" = -1/2. (6.11) 

Assuming that m° is paralleUy propagated long the null geodesies, it follows 

n^'Dau'' = -2n\ n''Dam'' = 0, n^D^/ = 2/ on W\{i}. (6.12) 

In the notation of (|4.6p . (|4.7p along the null geodesic 7, where Sab a;* a^* = 0, it follows 

n''{l{T)) = -2Tx:, p"(7(T))=0(|rri) as r ^ 0. (6.13) 

The frame is fixed by these conditions up to transformations of the form 

m'^^m'" =±m'' + cn°, p" ^ p'" ^ p"" ±2 cm"" + c^ n", (6.14) 

where c is a function on W \ {i} which satisfies there D'^T DaC — 2 c. 

The vectors n", to" span the tangent space of A/i \ {i} at points of VK\ {i} and it holds 

hab ^ naPb + nbPa~2mamb. (6.15) 

Furthermore, it follows, possibly after replacing to" by — tti", 

^abc — cen^arribPc] with a = i 6 v2, (6.16) 

and consequently 

a oc o. 

n°- eabc ^ ^ n^brric], m'^ eabc = -^ n^bPc], v'^ ^abc ^ ^ m^bPc]- (6-17) 

In the following we assume (j6.16p . which removes the freedom to choose the sign in (I6.14[) . 

Observing that D°-p = ji Uq^ D'^T on Mi and /i Uq^ =^ near i by (|5.7p we see that 
(P:^ imphes 

D'T D'T Bab ^ on M- (6.18) 

The following consequence of this relation will be important for us. 

Lemma 6.3 // DT D^T Bab = and DT D'T Sab = hold on Af, then DT m<^ Sad = 
holds on Mi . 

Proof: We have 

n" Den"" ^DTDeDT^ 1/2 D^'iDeTDT) = -2L>"r = -2n", 
and thus with suitable coefficient functions 

m" Deu" ^jn'' + dm°-, n^ Dem" = pn" + Trm", 
because the members on the left hand sides contract to zero with n". It holds 

7 n" + (5 to" = m'' DbDT -^ -2 m" whence 7^0, 5 -> -2 as a;" -^ 0. 
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For the Cotton tensor we have 

Bde ^\Da Sbd ^e "' + ^ DaRSde ° = ^ ^a Sb(d 6^) "', (6.19) 

where the Bianchi identity has been used in the second step. With (|6.17p it fohows on Afi 
n'' n'' Bab = ^ (n" m'' - m'^ n'') n'' Da sm (6.20) 

= ^ {n' D, {sda m"- n"-) - m" D, {sda n"- n'') - (n^ i?,(m'* n"^) - nf D, {n'' n'')) Sda] 

^^{n' D, [sda m'' 71") ~ m^ D, {sda n'' n'^) - (p - 2 7) n'' n'' s^b - (tt - 2 - 2 5) n'' m'' Sab } , 
which imphes with our assumptions the ODE 

= 2 T ^{sab m" n'') + {t: - 2 - 2 S) {sab m" n^), 

for Sab Tn°- n'' along the null geodesic 7 on A/i . Because tt — 2 — 2(5— ?'2>0asT— >0 and 
because 7 is arbitrary, the result follows. 

D 

7 The smoothness of fab 

In this section we show that condition ()2.2p with p* = 00 ensures the regularity of our 
basic equation. 

Proposition 7.1 Suppose the metric h is real analytic near i. The field fab ~ p~^^ab 
extends then as an analytic tensor field to i if and only if the Cotton tensor satisfies 
condition 112. 2\) with p^ = 00 or, equivalently, condition [6? 



Proof: Lemma 16.11 shows that the Taylor expansion coefficients of Sab at i must satisfy 
conditions at any order if fab is to extend smoothly to i. Instead of analysing the expansion 
coefficients we shall study the holomorphic extension of T,ab on A/i . The requirement that 
fab = P~^ "^ab cxtcnds as a real analytic field to i translates in view of the Lemma (j6.2p 
into the condition that Eab extends to a holomorphic tensor field near i which satisfies 

Sab = 0, DcT.ab = on M near i. (7.1) 



In fact, Tiab — P^ fab and (|5.7p imply equations ()7.ip near i if fab extends as a real analytic 
function to i. Conversely, (|7.ip implies with (15. 7p and Lemma (|6.2p the existence of 
holomorphic functions lab and Icab on O near i such that Yiab — plab and Dc'^ab — plcab- 
It follows that DcP lab = p{lcab ~ DJab) and thus lab = on Afi because DcP 7^ on 
J\fi \ {«}. By Lemma (J6.2I) it follows that lab = P fab whence T,ab — P^fab with some 
holomorphic function fab near i. 
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With the formulation (17.11) of the problem the assertion of the Proposition follows now 
as a consequence of Lemmas 17.21 and 17.31 proven below. 

D 

The behaviour of conditions (|7.1I) under conformal rescalings is of interest here. We 
have seen that a rescaling of type p.2p leads to a transformation of the form 

, _ 1 p2 ^ 

and thus 

UJ"^ ^ ' ' ' LO LO-^ 
2 
4 |w DJlab + 2 Sc(a D^U: - DcUJ tab " 2 /lc(a tb)e D^Ujj , 

which implies the transformations 

Sa&lM -^ ^'ab\^f^ = — ^abWi, 
Dc^ablAf, -^ ^c^^ablM = ( — {'2^c{a Db)UJ + DcU} Eab ~ 2 ^.^(a 2^)^ Cw} + — DcT,abj W, ■ 

While in the first case we find a transformation behaviour as satisfied by conformal densi- 
ties, the behaviour is more difficult in the second case. Nevertheless, the pair of conditions 
(|7.ip is invariant under conformal rescalings. This allows us to analyse these conditions in 
a convenient conformal gauge 

Not all of the conditions (|7.ip imply restrictions on the conformal structure of h. In 
fact, it follows from (12. 16^ that the relation 

D[, E,]6 + ^D' S,[, ha]b] k, = 0, (7.2) 

is satisfied identically for any metric h. Observing that 'Sab is symmetric and trace free 
we get the decomposition 

2 2 

Da^bc = £'{aSbc} + o (^[a ^b]c + -D[a ^c]b) + T ^'^ ^e(a Kc) ■ (7-3) 

It follows that (17.11) holds if and only if 

S^f, = 0, D"-T.ab == 0, D[^j:ab} =0 on TV, near i. (7.4) 

Assume now a central harmonic conformal gauge and associated normal coordinates 
a;". With the expressions given in subsection 15.21 a direct calculation using (|4.3p gives 



- S.fc y,^{DaDbr + 2hab-4Q DaT DbT) \m^ . 
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Observing (|2.15p , we need to analyse Aq \j^. , which is given in our gauge by 

- AaW, = Sah i^'^r + (8 Q - i R) DaT. 
/i D 

Finahy, we get in our gauge 

- i?{cSfca} Im = DaDbD.T +\r DaT he + DaT Sbc + D^'T Sda hbc- 

fi ^ ' 6 

-12 Df^aQ DbT D,)T - 12 Q Z?(,r DbD.^T + (18 Q^ _ 12 p) DaT DbT D,T 
3 72 \ 9 w 

Conditions (|7.4p thus read, in the same order, in a central harmonic gauge 

DaDbT + 2hab = 4.QDaTDbT on Af, near i, (7.5) 

Sah£'''r== Qi?-8gj DaF on M near i, (7.6) 



DaDbD,T = (12 P - 18 Q")i?ar i^^r i?,r + 12 D^aQ DbT D,)T (7.7) 

1 
6 



+12 Q D(,r DbD,)T ~^RDaT he - DaT Sbc - D'^T s^a he 



72 3 \ 9 

— Q--r7-R]D(^aThc) + TD'^Tsa(ahbc) on Afi near i. 

Lemma 7.2 The conformally invariant condition T,abWi = is equivalent to the confor- 
mally invariant condition D'^p D^ p Bab\j\fi — 0. 

Proof: The central harmonic gauge implies the following important the relation 



s 



abD''TD''T = on M- (7.: 



In fact, taking a derivative on the left hand side of the eiconal equation in (I4.2p shows that 
the field Tlab = DaDbT + 2 hab satisfies D'^T Tlab = 0. Observing that Ha " = A,,r + 6 = 
by (|4.4I) it follows that Hab has in a frame satisfying (|6.1ip the expansion 

Tlab = Knanb + l3m(^anb) with ^=^"^^1106, P ^ -Ap'^ m'' Tlab- 
This implies that 

o = nabn"^ = D<jDbr£)"D''r-i2 on M- 

Restricting (I4.9P to A/i and observing the relation above gives (|7.8p . 

Taking a second derivative on the left hand side of the eiconal equation and commuting 
derivatives gives with (|2.14p 

D''TDaUbc + UbaUc''~2Ubc (7.9) 
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^ D^T SfbDcT + D^T Sf.DbT - D'^T DfT Shf hbc + ^ DbT D,T + 4T {sbc + ^ h,b}. 

Contracting with p" m^ and observing (|6.12p . we get the equation n°-Dal3—AP = n" m}' Sab, 
which reads with (ITB)) . (|i?7)) 

ar 2 

Since r^ /3 ^ as t ^^ by (j4?T2l) and (|6?T3l) . it imphes in view of (|O0l) . (f7^ and 
Lemma 16.31 that the function /3 vanishes along a given null generator of Mi if and only if 
Bab £'T D^T vanishes along that generator. 

This shows that T^abW^ = 0, i.e. ()7.5p . imphes D°'pD''pBab\j\fi — 0. The converse will 
follow if it can be shown that k — 4Q ii /3 — 0. 

To derive the relevant equation we use the eiconal equation repeatedly and observe 
that 

D.DbDaV D'^T Z?'T = D'^T {Dc{DbDaT D^'T) - DbDj: D^D^'V] 

= DT{-2DcDaT- DbDaTDcD^T} ^0 near i. 
Assume now that /? = 0, so that 

DaDbT ~ —2hab + KriaUb and n° m Sab — on l/l^\{z}. 

This implies that 

m^Dau'' = -2m^, m^Dam^ = -p^ - vn^, m^DaP^ = -2vm'' on W\{i}, (7.10) 

with v = —m°'p Darub = m"^ m DaPb- 

Contracting (|4.10p on VK \ {i} with p^ and observing (j4.4p . (j7.8p and the equation 
above gives 

p'n''n''D,Sab-4.n''p''sab-^R = 0- (7.11) 

With our assumption, the Bianchi identity, (|6.15l) . (j7.8p . (j6.12p . (|7.10p and the relation 
0^ Sa" ^2{n"-p'' -m" m^)sab follows 

p" n" n^ D^sab = (/i"" - n" p" + 2 m'^ m° ) n'' D^Safa 

= i n'^DaR - n=I?c(p" n'' Safe) + n'D.ip'^ n'')sab + 2 m'D,{m'' n' Sab) - 2 m'Dc{m'' n'>)sab 
6 

= - n'^DaR - n'Dcip^ n^ Sab) + 6 n'^p'^Sab: 
b 

which implies with (|4.7p . (|4.10p 

= i n'^i^.i? - ^ i? - n"Z?, (n'' p= Sbc) + 2 n'' p= s^ 
6 3 

= 2 |-(t n>''s,b) - i ('|-(t i?) + 3 i? 
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and thus the important relation 



n'^P^'sab^ln-^Q on W\{i\. (7.12) 

6 



Transvecting (j7.9p with p^ p'^ gives 

n^-DaK -QK^ln" p\ab + J.R, 

6 

and thus with the equation above 

With the first of equations (|5.14p this implies 

and thus K — AQonW\ {i}. Since VF is a neighbourhood of an arbitrary geodesic 7, the 
desired result follows. 

D 



Lemma 7.3 If any of the equivalent conditions of Lenima \7.2\ is satisfied then 

DcTiab — on Mi near i. 

Proof: The relations 

n'^n^'sab^O, n"m''s,b = 0, n>''sa6 = ^ i? - 8 Q, on W\{i}, (7.13) 

6 

which we have seen in the proof above to be a consequence of our gauge conditions and 
the conditions of Lemma [7.2) immediately imply (|7.6p and thus D°-'E,ab = on A/i. 

To show that D^a'^bc} = on A/i we consider equation (|7.5p . Because n" and rra" are 
tangential to W \ {i}, we can take derivatives in these directions which give on W^ \ {i} 
with equations (|5.14p and (|7.12p 

n'^DaDbD.r^f^R-SQjnbn,, (7.14) 

m°- DaDbDcT = 4 m'^DaQ Ub n^ - 16 Q ^(f, m^) (7.15) 

and, after commuting derivatives, 

n^DaDbD,T= SQuaUb, (7.16) 

m" DaDbDj: = (4 m'^DcQ - nf p'^ Scd) nanb~SQ{2 Ua nib + m nia)- (7.17) 
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Corresponding contractions of (|7.7p with n", m° give precisely the same resuhs. This 
imphes that with the possible exception of p'^ p^ p"" Dr^Efj^ji all components of Dt^.'Sfjg^j in 
our frame vanish on W. 
We set 

C^p-p''p''D,Di,DaT, 

and denote the contraction of the right hand side of (|7.7I) with p'^p'' p'^ by (. Then 

C = 12p'' DaQ + 30 Q2 + 12 p - p>^ Sac, (7.18) 

and the proof will be complete when it can be shown that 

C = C on W\{i} near i. (7.19) 

Because (|7.5I) it is only known so far to hold on A/i, this equation does not allow us to 
calculate a threefold derivative of F in a direction transverse to Afi . It can therefore not 
be used to derive (|7.19p and we need a different representation of F. 

Calculation of C, and comparison with C,. 

Let 7(r) with 7(0) = i denote one of the null geodesies ruling W and let fc, to, p 
denote a frame at i with k — 7'(0) and 

h{k,q) = l, h{m,m) = , h{k,k) — h(q,q) — h{k,m) — h{q,m) = 0. 

Assume the frame to be parallelly transported along 7 so that 

Dkk = 0, Dkm = 0, Dkq = 0. 
In the normal coordinates a;° the geodesic 7 is then given near i by the curve 

Be = {^ e C| |z| <e} 9 T^.T°(r) =T.< eM with < = /c°, e > 0. 

and 

n"(7(T)) = L>''F(7(r)) = -2r/fc° along 7. 

We assume that the vector field to" considered here coincides on 7 with the field to" 
introduced in section lOl Because the fields q" and p" are determined by the normalization 
conditions uniquely once k°',m°' and n°, to" are given respectively, it follows that 

p" = ---g" along 7. (7.20) 

2 r 

For (r. A) e i3e' x i3g/ with some e' > a 1-parameter family x"(t. A) of geodesies with 
affine parameter A and family parameter r is defined by the following conditions. It holds 

a;"(T,0) =7"(r) so that a;"(0,0) = x"(i) = 0, 

and for given value of r the curve 

A^a;"(T,A), 
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is the geodesic which has tangential vector q at 7(t). 

We extend the fields k and q given on 7 to the points a;° (r, A) by setting 

r (r, A) = |-x"(t, A), g"(r, A) = ^x''(r, A). 

Then g° is geodesic and the field fc" is a Jacobi field which satisfies the equation 

D"^ k°- ^ R°- bed q'' q'' k''- along the geodesic A-^a;(T, A), 
and the initial conditions 

r (r, 0) = 7"^(t), q'D, k''{T, 0) = fc=I?, q^{T, 0) = fc^i?, g''|^(,) = 0. 

By construction, the curve A — > x(0, A) is a generator of A/i. Therefore r(a;(0, A)) = 
whence 

r{x{T, A)) = y" ^r(x(r', A)) rfr' = y" A;''i?„r(a;(T', A)) dr' . 
Along the geodesic A — > a;(r, A) it follows then 

q'^ q" q- DaDbD.TU^^^x) = ^(r(x(T, A))) = ^^ ^ (fc'^i? J(a;(r', A))) dr' 
= / q"" q' q'' DaDbDeik^'DaTixiT' ,X))) dr' ^ f J dr' . 

JQ Jo 

With the Jacobi equation the integrand J can be written 

J^q" n'' g^ q^ k"" DeRabcd + n" q'' q^ q'Dek^ Rated 

+3 q^D.D^r q^ q' k'' Rated + 3 q^D^k" q^ q'^D^DtDaT + k" q'' q^ q'' DbD.DdDaT. 
Restricting the equations above to 7 and observing (I7.20p and (|7.5p gives 

-8t^C= I Jdr', 



JO 

where we have along 7 

-L J = p'^ n" p'' p^ n^ DeRabed + 12 Qn^p^'p^n'' Rated + p' P" / DtD.DdDaV D'^T. 

The last term on the right hand side can be simplified by using the eiconal equation 
and (|73|) . It holds 

DcDdDaT D'^T = DciDdDaV DT) - DdDaT D^D'^T (7.21) 

^-2DcDdT + 2DdDj: + 8Qncnd^^Qncnd on M, 
which implies with (|4.4I) and (|7.5p 

DcDdDaTD'^DT = on M, (7.22) 
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and 

DbD.DdDaT D^T = Db{D,DdDaT D"-T) - D^DaDj: DtD^T (7.23) 

= Db {D,{DdDaT D'^T) - DaDaT D.D^T} - D^DaDaT DbD^T 

= -2 DbD.DdT - DbDaDaT D.D'^V - DaDaT DbD.D'^T - D.DaDaT DbD'^T 

= -2 DbD.DdT + 2 DbDdD.T + 2 DbD.DdT + 2 D.DdDbT 

-4 Q (71, DbDdDaT + Ud DbD.DaT + Ub D.DdDaT )D''V 

= 2 DbD.DdT + 2 D.DbDdT- 96 Q^nbn.Ud on M, 

whence 

DbDcDdDaTD'^D'T = 2'^Q'^72bnc on Af,. (7.24) 

With (I2l4l) . dLHI, (17:21]) and (TTMl) follows 

-^. Ji-fiT)) = 2 p' n'' p'' Dc Sba + I P"D,R + 6 RQ- 288 Q^ + 4 C, 
4t^ 6 

and thus 

T^C= / T'2(?7-2C)dT', (7.25) 

Jo 

with 

T] = -p' n'' p" DcSba - ^P^D.R ^ 3 RQ + UAQ^ 

^ -{h''' ~ n'' p'' + 2m'' m'')p'' DcSba - ^P^'DeR- 3RQ + lUQ^, 
whence 

r; = n^p^p^-D^Sba -2rTfw;'p''D^Sba - jP^D^R-SRQ + 144 g^. (7.26) 

Taking in (|7.25p derivatives with respect to r gives 

T'^C + 3r\^r^r,-20, 



whence 



and thus finally 



i^,.= 0.,= ^^ + 5.'C^r.„, 



1 f 

- / T"^r]dT' along 7. (7.27) 

^ Jo 



c 

r 

Because ({t) — 0{1) as t ^ by ()4.13p and (|7.20p . we can write the function ( given 
by (|7.18p in the form 

It follows then with (fr27|) that 

^ = C on 7 near i if and only if K ^ there, where 
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K^^(^^{T'C)~r^V^^-n^DaC + lOC-2r^. (7.28) 

The right hand side of (j7.28p reads more exphcitly 

K ^ -n'D, {~p''p^ Sab + 12 P+12p''DaQ + 30 Q^) 

+ 10 {-p'^p'' Sab + 12P+ 12 p'^DaQ + 30 Q2) 

-2 (n^D,{p''p''sab) - ip^p'sab -2m^m''p''D,Sab ~ ^p''DaR+ 1UQ'~ -3RQ 

= -n=De(p>' Sab) - 2p>^s„b + 4m^m^p'^i?,s„b 

-12 U P - '^{n'' p'' - m'' m'') DaDbQ + ^Rq\ + 120 P ~ 2Ap''DaQ 

+ 120p''DaQ + i p'^DaR - 12 n^p^DaDbQ - 60 Q ( | + 2 Q j + 12 Q^ + 6 i?Q 

= -n'D,{p''p''sab) - 2p>''s,fc + 4m^m''p°^cSab + 72 P - ^m'' m' DaDbQ 
-Ap" D'T DaDbQ - 2 RQ + gep^DaQ + -p^DaR- lOSQ'^ 

= -n^Dcip^'p'' Sab) - 2p>'' Safe +4771^771^" D.Sab + 72 P - 8 m" m'DaDbQ 

-4 {p'^ i?a(i?'r AO) - P" A,i?'r DbQ]-2RQ + 96 p^'DaQ + ^ p'^DaR - 108 Q^, 

where we used that equations (|5.14p hold in a full neighbourhood of i. It follows 

K = -n^Dcip" p'' Sab) ~ 2p'' p'' Sab + Am^ m'' p"" D.sab (7.29) 

+72 P - 8 m'' m^DaDbQ + SOp^DaQ - 76 Q^. 
To make use of the second of equations (|5.14p we consider the ODE 

n^DaK-iK = M, 

on 7, which is such that the function M on the right hand side does not contain the 
function P. Because 

n^DaK ~4K ^ -2 [t—K + 2K] = i-(t^ K), 

\ dr J T dr 

and r^ ii' — >■ as r — > 0, it follows that 

K vanishes along 7 near i if and only if M vanishes there. 

With the expression (|7.29p for K, a useful form of M is obtained as follows. 

M = n'^Dd {-n^Dcip'^p'' Sab) ~ 2p>'' Sab + 4™^ m'' p" D^Sab + 72 P 
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-8 m" m'' DaDbQ + 80 p'' DaQ - 76 Q^}- 4 {-n^Dcip'^p'' Sab)- 2 p'^p'' Sab 

+4 m" m^ p" DaSab + 72 P - 8 m° m^DaDbQ + 80 p^DaQ - 76 Q^} 

^ -n'^Dd {n^D.ip'^ p'' Sab)) + 2n^D,ip'' p'' Sab) + Sp" p'' Sab + ^n'^Ddim^ m'' p" DcSab) 

- 16 m^mVi'cSab -8m''m''n^D,DaDbQ + 72 j-^ AhQ + ^Rq] + 160p"Z?aQ 

+80 n^p" DbDaQ - 152 Q ( ^ + 2 Q j + 32 m" m^ P'a^'fcQ - 320 p^'DaQ + 304 Q^ 

= -n'^i^d {nW.ip'^p'' Sab)) + 2 n^i^.Cp"/ Sab) + Sp"/ s,, 
+4 r/Dd{nf m!' p" D^Sab) - 16 m" m'' p" D^Sab - 8 to" m'' rfD^DaDbQ 
+32 n" p^DaDbQ + 80 to'' to'' L'a^'bQ - 160 p^DaQ - 16 RQ. 
Using here 

n'' p'^DaDbQ = p^DbiD^T DaQ) - p^DbD'^T DaQ = I p^'DaR + ^p'^DaQ -^RQ-SQ^, 

2 

and 

to" to** n^DaDbDcQ 

= to"D„ {m^Db{n''DcQ) - m^Dbu'' D^Q} - [m'^Dam^ n" + to^ TO^Dan''} DfeD^Q 

= to" m''DaDbin''DcQ) - {p^ + v n^)Db{rfDcQ) + 2 to" to'^ L'a^'cQ 

-2 (p'^ + i^ if) DcQ + {{p'' + iy v!') rf + 21X1^-01") DbD^Q 

^m''m''DaDb(j + 2Qj + Am^'m'' DaDbQ - ^RQ - 8Q^, 
which gives with 

Rf bca DfQ to" to'' n" - (^to" to^ Sab - ^ j n^^eO - \ U" p^ s,b + ^ j n^D.Q 

= -^-RQ-8Q\ 
the expression 

to" to'' Tl^DaDaDbQ = to" TO*" n'^ (DaDbDcQ - R^' bca DfQ) 

= - to" m!'DaDbR + 6 m" m^DaDbQ, 

8 

we finally get 

M--n''i?4n"i?,(p"p'' Safe)) +2n^i?,(p"p^s,b) + 8p"p^ Sab (7.30) 

+4n''Dd{m''m''p'' D^Sab) ~ 16 m" m'' p" D^Sab - m^m^DaDbR 
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Lcmnia 17.31 will be proven when it can be shown that this function vanishes on 7 near i. 

Proof that M = on 7 near i. 

To make use of equations (|4.10l) and (|4.11l) we observe (|7.22p . (j7.24|) and the fact that 
equations (|7.14p . (|7.15p . (|7.16p . (|7.17p allow us to derive the expansion 

DaDbDcT ^nanbnc{p,p,p) + i-R-SQjPa nt ric 

+8Qna {pbric + nbPc) - f 8m°-DaQ + 16Q ~ -Rj na{nbmc + mbnc) 

+32 Q Ua rrib rric — 8 m°'DaQ ma rib ric + 16Q ma{nb rric + rrib Uc), 

which implies 

D^DaDbTDdD''D^T^i-2' ■Q'^n^Ud on W. (7.31) 

The restrictions of (|4.10p and (|4.1ip to W are then obtained in the form 

= D,sab D'^T D^'T + 2 Sab D'^T D.D^T - ^ Dj: R, (7.32) 

= DdD.Sab n" n'' - 4 {D.Sdb n^ + D^Scb n^) (7.33) 

+8 Q [uc DdSab n°- n'' + rid D^Sab "" n'') + 8 Scd 

- - [D^R rid + DdR nc-2hcdR)-SRQn^nd + 9-2^Q^ n, n^. 

Contraction of (|7.11l) with p'^ gives 

p''n''n''DcSab=4:n''p''scb + ^R = 2R-32Q on W. 

Contracting f|7.33p with p*^ p^ and observing the equation above we get 

= p'^ p" DdDcSab n'^n^'-S p'' p" D.Sdb n'' + 16 Q / DdSab n" n'' 
+8p"/scd-^p'i?c-R-8i?g + 9-2^Q2 

= /p^ DdD.Sab n" n^ - 8/p^ I?cSd6 n*" + 16 Q (2 i? - 32 Q) 
+8p''p'^Scd-^p''D^R-8RQ + 9-2^Q^ 
whence, finally, 

= /p^ DdD.Sab n"" v^-8p^ n^ p'' D.Sba + 8p^/ s,d (7.34) 
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~~-p''DcR + 2ARQ + b-2^ Q^ on W. 
o 

To bring the expression on the right hand side of (|7.34p into a form similar to ()7.30p . 
we need ways to swap in the first term the positions of the vectors n and p. To achieve this 
we shall repeatedly use the representation (I6.15P of the metric and the Bianchi identity. 
This gives for the first three terms of (|7.34p 

/ p^ DdDcSab n^n''-8 p^ n'' p" D.Sba + 8 p^ / s^d 

= p"- n" p" n'' DdDcSab ~8p' n'' p" D.Sba + 8 p" / s^d 

= [h'^" - i/p" + 2m'^ to") {h"'' - n"/ + 2 to" m'') DdDcSab 

-8 {h"^ - n'^ j9^ + 2 to" to^) p" D^Sba + 8p''p'^ s^d 

- D^'D'^Sab - n'' p" DdD^'sab + 2m''m'' DdD^'sab 

+ {-n^p^ + 2 to" to'') {DcD^Sab ~ 2 s/(„ R^ b)\)+ n'^ n' p'' p" DdD^Sab 

-2n'^rrf p" m' DdD^Sab -2m'^rf m" p'' DdDcSab + 4 m'' m" to^ to" DdD^Sab 

-Sp'^ D''sba + 8 n^p'^p'' D,s,,a - 16 to" m'' p'' D.Sba + 8p"/ s,a 

= n'^ 7i" p^ p" DdD.Sab -An'^m^ p^ m^ DdD.Sab ^ ^m'^ Txf to'' to" DdD.Sab 

+ - A,,i? --n'^p" DdDaR + - m'^ to" DdDaR - -rf P^ D.DbR 
6 6 3 6 



+ i to" to'' D^DbR - 4 TO^ n" to" p'' Sf^^ R^ b)cd + (2 n"p'' - 4 to" to'') s/(<, i?-'^ fc) " 
4 



o -.-.-- -■■- - -^ X- -/(a^' 6)cd-t- l^"- P -4TO TO jS/(art' fc) c 



g p" 2?ai? + 8 n" p^ p" D,Sfc„ - 16 to" TO^ p" D.Sba +8p^p'^ Scd 

= n'^ n" p^ p" Lld^cSab - 4 n'' to" p" to^ Llrfi^cSab + 4 to"^ to" to'' to" DdD.Sab 

+8n^p^ p" Z^eSfca - 16 to" TO*" p" D.Sba + ^ m'^ m" DdDaR - - p^ D^R 

+8p"p'' s,d - 4 to'^ n" to" p'' s/(, i?-^ b),^ - (2 7i"p'' - 4 to" to'') s/(, i?/ b)c " 

= n-^i^dKpV" ^cSab) - n'^i?d(n"p''p") i^.s.f, - 4n'^i^<i(TO"p" to'' D.Sab) 

+4 n'^Ddirrf p" m'') I^cSab + 4 m'^Ddim'' m'' m" L»cSa&) - 4 m'^Ddim" m^ to") DcSab 

+8 n"p'' p" i?,Sb, - 16 to" TO V ^cSba + J m'' to" i?di?ai? 
-^ p" DaR + Sp'p'' Scd ~ 6 {Sab n'^p''? + i? Sab «" p', 

where we use the relations 

s" ari"sc6p'' = [n'^P^'sabf. s^ am'^Scb rn" = -2 (n"p^s,b)2, s,b s"^ = 6 {n'^p'sabf, 
and 

-4 to'^ n" to'' p" S^(, i?^),d = -3 (Sab n" p'')^ + i i? S,6 71" p^ 
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It follows 

/ p^ DdDcSab n" n^ - 8 p^ n'' p'' DcSha + 8 p" / Scd 

= n'^Dd [n^D^ip'^p-' Sba) - ^p'p"" Sab} - 2 n>V" D^Sba - 4n''Dd{m' p" m'> D.Sba) 

+8 m>'' m" D^Sba + 4 m'^Dd {■m^D^im'' m" s„t) + 2 (p*" + i/n^) m" s^b} 

+ {4 (p^ + i/n'=) m''m'' + 8m'= (p^ + J/n'') m"} D^Sab + 8n'=pV" ^'cSfca 

-16 m^mV ^cSba + ^m'^m'' DdDaR - - p" DaR + 8p^p'^ s^d 

~&{sabn''p''f+Rsabn''p'' 

= n^Dd {n-D,{p''p'^Sba)} - 4n''Dd{p'' p'' Sab) + Gn^D^ip'^ p'^ Sba) - 24p' p" Sba 

-in'^Ddim^p" to' DcSba) - 8to^ to^'p'^ D.Sba +im''Dd {m^D,{m'' m" s,,)} 

+8 m'^Ddip'' m" Sab) + 8 m'^Dd{iyn'' m" Sab) + -^p" m^ m" D^Sab 

+Avn'^m m°^ DcSab ^ ^rri^ P m°^ DcSab -^ ^vrrf n m°^ DcSab 

+ ^m'^m"- DdDaR -^p"" DaR + Sp" p'^ s^d - & {sab n'' p^'f + R Sab n" p' 

^ n''Dd{nW,{p' p'' Sba)} +2n'D,{p'' p\sba) - 24p'' p'' Sba 

-4n'^i?rf(m>" to'' D.Sba) +im''Dd {m^D,{m' to" Sab)] 

+8 to'^p*' to° DdSab + 4:p''m'' to" DcSab + 4:1" n''Dc{m'' to" Sat) 



With 



i TO-^ to" i?d^ai? - ^ p" i?ai? - 6 (Sab u'' p'f + R Sab «" p^ 



4p^TO''TO"i?,5fc, = 2p^(-/i'"+p''n" +n''p'')D,Sba = 4p'n''p''D,Sba 



= Hk--n^p^ + 2m^m^)p^D.Sba-lp^DaR-4n^P^P^D.Sba + 8m^m^p^D.Sba, 

^^p''DaR-in^D,ip''p''sba) + l6p''p''sba + Sm^m''p''D,Sha, 

this implies 

p"" p" DdDeSab n" n' - 8 p' n'' p" DeS,,, + 8 p" p"^ s,d 

^ n'^Dd {n'D,{p''p"-Sba)] - 2n'D,ip'' p'' Sba) - ^p'^p'^Sba - An'^Ddim' m'' p'' D.Sba) 

+ 16 m'^p'' to" DcSab + 4 ni'^Dd {m''Dc{m'' to" Safc)} + Aiyn'^Dcim'' to" Sah) 

+ i TO-^ to" i?di?ai? - ^ P" i^ai? - 6 (S,, n" p'')2 + i? s^fc n" p'' 

= n-^i^rf {n^i?,(p''p" Sba)} - 2n^i?,(pV" Sb„) - 8pV" ^ba 
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-4 n'^Ddim" m'' p" DcSba) + 16 m" p'' m" D^Sab 

+ ^m''m''DbDaR - ^ p" DaR ~ 6 {sabn''p''f + R Sabu'^p'' 
= n'^Dd {n'D,{p''p'' Sba)] - 2n^i?,(pV" Sba) ~ Sp^'p'' Sba 

-lp''DaR-liyn''DaR-32m^ m" DbDaQ + 32 p"- Da Q 

+?,2vn°- DaQ + -vrfDcR- 2^ ■ vQ-AvR 
+ -m^ m'' DbDaR- -p'' DaR- Q{sabn'' p^f + R Sabn'' p\ 

p'' p' DdD.Sab n'^n'^-S p' n'' p" D.Sba + 8p'p'' s,d 

= n'^Dd {nW^ip^'p'' Sba)} - 2ri^i?,(pV" ^ba) - S/p"^ Sba 

-4 n'^Ddim" m'' p" D^Sba) + 16 m" p'' m" D^Sab + m'' m" DbDaR 

-^ p^DaR - 32 m'' m" DbDa Q + 32p''Da Q + 8RQ - 3 ■ 2"^ ■ Q^. 

With this result equation (|7.34p takes the form 

= n'^Dd {n'D,{p''p^ Sba)} ~ 2 n^D^i/p" Sba) - ^p'p" Sba (7.35) 

-4 n'^Ddim" m'' p" D^Sba) + 16 JTf p^ m" D^Sab + m'' m" DbDaR 

-^p'^DaR - 2^ (m^ m^ DbDa Q - p^Da Q-RQ) + 2^-Q^ = -M, 

with M as given by (|7.30p . 

D 



whence 
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7.1 Remarks on the C°° case 

Let x°- denote i-centered /i-normal coordinates. With the notation of (|5.7p Proposition 
17.11 says that the field fab defined by the relation /i~^ If^ Ea6 = \x\'^ fab is analytic if h is 
analytic. The discussion following equation (12.81) shows that the expressions of the Taylor 
coefficients of /i^^ W^ Yiab in terms of /i and quantities derived from h are independent of 
h being smooth or analytic. By Taylor's theorem one has thus in the C°° case for each 
N gN a representation 

H U l^ab- \X\ Pab + ^ab ' 

where the components of p^bi^) ^re polynomials of order N and the remainder term 
satisfies R^b^^^ix) — 0{\x\^'^^) as |a;| — >■ 0. The p^ define the partial sums of a formal 
power series which, in general, will not converge near i and if it does it defines an analytic 
function which may not be related to /i^^ U^ Safe away from i. By Borel's theorem f[17|) 
there exists, however, a C°° field fab near i such that we have fab — Pab + -^ab~^ ^'-"^ ^"^^ ^ 
with a smooth remainder term such that Rab~^{x) — 0(|a;|^^^) as |a;| — )■ 0. This implies 
that 

Safe = P fab, 

with fab = fab + fab, wheK /„b(0) = 0, Uix) = \x\-^ R^+' - R^+' if X 7^ for arbitrary 
TV e N. It follows that fab{x) = \x\~'^ fab with a smooth function fab that vanishes at i 
together with its derivatives of any order. The same property follows then for fab, which 
implies that fab is smooth. 

8 The overdeterminedness 

In the following we assume that the field fab extends smoothly to a neighbourhood of i. It 
remains to study the problems arising from the overdeterminedness of the basic equation 
and the need to find DaUj{i). It turns out that the analysis simplifies if we use instead of 
fab the field 

tab = fab + Sab = ^^ {DaDbP - S hab + P Sab), (8.1) 

P 

which also is smooth and has various important properties. Equations p.6p and p.l7p 
show that tab is as a conformal density of conformal weight — 1 , 

tab[^-^h]^dtab[h], (8.2) 

and it follows from ()3.18|) and the Bianchi identity that, independent of the scaling of h, 

D^tab = 0. (8.3) 

The tensors tab and Bab — \ Bacd ^b '^'^ share these properties and they are in fact related 
by (|3.20p . which can be written 

Babe = pD[btc]a + D" P {t^[b hc]a + 2 h ^[b t c\a) , (8.4) 



43 



or in space spinor notation 

bABCD—pDA tBCDH + '2.Di^A ptBCD)H, (8-5) 

where we write 

BaBCDEF = —-Z {bABCE ^DF + bABDF ^Ce), 

so that 

bABCE — —BabCFE — D(^A SbcE)H- (8-6) 

(The spinor bABCD differs by a constant factor from the spinor obtained by directly trans- 
lating the frame form of Bab = \ Bacd Cb '^'^ with the van der Waerden symbols into a spinor 
field). Another property which tab has in common with Bab is the following. 

The metric h is locally conformally flat near i if and only if tab vanishes on some neigh- 
bourhood of i. 



In fact, it follows from (|8.4|) that Babe vanishes on open sets on which tab vanishes. Con- 
versely, on a sufficiently small neighbourhood of i on which Babe — there exists a con- 
formal gauge such that hab is flat near i. Then Sab — there and also fab = because the 
flat data are Schwarzschild data whence static in the preferred conformal gauge. D 

The relation between Babe and tab can be reversed at the point i in the sense that 
equation (|8.4p allows us to obtain an expression for tab and its derivatives at i in terms of 
derivatives of Babe and lower order terms at i. At the lowest orders this is seen as follows. 
Taking a derivative of (|8.4p at i gives 

DdBabe{i) =-2n{tdlbhc]a+'2hdlbtc]a), (8.7) 

whence 

tae{i)^-l^D''Babeii) reSp. tABCD{i) = 7^DA"BBCDH{i)- (8.8) 

The relation 

[o^Bba + \ {D[aBe]b + ^[feS,],)! (^) = D^,B,a){^ = i?{c Sfe,} (^) = 0, 

implies that 

D,Bbaii)^(i iff D''Babe{l)^0 iff tab(i)^0. (8.9) 

Taking a second derivative of (|8.4p at i gives 

DeDdBabe[i) 
= ^'2p-{hedD[,,ti.^a + De itd[bhc]a + '2hd[btc]a) + Ddite[b hc]a + 2 ft-effc ^cja)}- 

The only non-trivial contractions are 

DfDfBabeii) = -UpD[f,t,]ail), (8.10) 
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and 

D.DfBa ^ c(«) = DfD.Ba ^ c{i) = -^i (4 D^ t,a + 2 D[, i.j, + 2 D[e t,],), 

which impHes 



i?e iac(j) = -^DeDfBa ^ c - ^^ DfDfB(^ac)e- (8.11) 



Because 



^^^a/c = 2 D^DfSca - g £'a£'ci? " 2 *'' '=*''" " g ^ Sac + - i?'' a ^ cS/Zi + — A,,i? hac, 

whence 

DfBa^c^DfB^a^c), DfBhf'^O, (8.12) 

the right hand side of (IS.lip reflects indeed the algebraic properties on tab- 

More generally, observing (|2.6p and the fact that the equation for p implies that 
DaDbDcp{i) = 0, it follows with ^^ for q > 2 

D.^, . . . Da,Batc{i) = (8.13) 



^l<i<j<q+2 

+ 2^ Dd^_^_2---Dd,---Ddi{tdi[bhc]a + 2hd^[ijtc]a)?+Lq-i, 
l<i<q+2 J 

where ig_i denotes an expression which is linear in the derivatives Dc . . . Dc^tab{i), 
< J < g — 1, and linear in the terms Z?e, . . .Dg^ p(*)j < Z < g + 3. The structure 
of the term in curly brackets suggests that (|8.8p . (|8.1ip and the equations above can be 
used successively to obtain formulas for Dc +i • . • Dc^ tab{i) in terms of a linear expression 
in -Ddg+2 ■ ■ ■ DdiBabcii) and terms in involving lower order derivatives of Babe and and 
derivatives of p at i. We do not work out the details here. 

Equation (|8.4p implies furthermore 



D'^pD'^pBad - ]^pD''pD''pDbteaed''^ 
so that, if h is real analytic, the holomorphic extension satisfies 

D'^pD''pBadU=Q- 



It follows that for real analytic metrics equation {8.4^ holds if and only if the metric 
satisfies condition 112. 2\) with p^, — oo. We omit a discussion of the smooth case. 
In terms of tab the basic equation p.l6p assumes the form 

DaDbLO - thab +UJSab^ u'^ tab[h]. (8.14) 
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If we set 

Tab['^,h] = DaDbUJ ^-- hab + U) Lab[h] - u"^ tab[h], 

Z UJ 

equations p.5p and (|8.14p are combined in the relation 

Tab[^,h]^Q. (8.15) 

Equation p.7p takes in terms of tab the form 

^ab[h',p']^-^Tab[h,uj]. (8.16) 

This follows by using equations (|2.8p . (|2.9p . (|8.ip to write I]afc[^,p] = P^ (^ab — Sab) and 
equations p.Sp . (|8.15p to obtain p.8p in the form E[ft,,a;] — Tab[h,oj] + w^ (iafc ~ Sah). 
Equation (|8.15p implies a conformal staticity criterion in terms of the conformal density 

iab- 

Lemma 8.1 // the metric h is analytic it is conformal to a static datum if and only if 
there exists a conformal factor satisfying io{i) — 1 and 

Rab[0J^^h] =Ojtab[h]. 

Proof: As an immediate consequence of the general transformation law 
Lab[uJ^^ h] = Lab[h] + uj^^ DaDbLJ - t:^^"^ DcUJ D^UJ hab, 

of the Schouten tensor and the behaviour (|8.2p of tab the relation (|8.15p is seen to be 
equivalent to ujtab[h] — tab[i^^'^ h] = Lab[i^^'^ h]. 

a 

If h were real analytic and there existed a solution to (j8.15p with uj{i) = 1 and some 
value of the differential DaUj{i), it would then be given in i-centered normal coordinates 
x° by the function 



Y^ 



1 



ib^l + ^^-x"- ...x'^'Da^... DaMi), 
p>l ^' 

where the Da denote covariant derivatives in the directions of an orthonormal frame which 
is parallely propagated along the geodesies through i and the covariant derivatives of u) 
are obtained sucessively by taking formal derivatives of equation (|8.15p and restricting to 
i. One might think of using this procedure to construct a solution. The function w is 
determined, however, by the symmetrized coefficients Di^ap ■ ■ ■Da-^)Oj{i) only and without 
further information it is not clear whether the covariant derivatives Da ■ ■ ■ Da^Cj{i) coin- 
cide with the coefficients Da ■ ■ ■ Da^toii) obtained by taking formal derivatives of (|8.15p . 
This corresponds to the fact that apart from the choice of the scaling factor and its differ- 
ential at a given point a conformal gauge is fixed in general uniquely at all orders at that 
point by imposing conditions on the symmetrized covariant derivatives of the Ricci tensor 
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f[18|. 110]) or the Schouten tensor ([2S]) at that point. Whether the assumption (|2.2p with 
p^, = oo allows us to say more is not clear and we proceed along different lines. 
With the expression Tab in (|8.15p we get 

DcTab = DcDaDbUJ - LJ^^ Ted D'^^ hab + D'^UJ {Led Kb + hdc Lab) 
+UJ DcLab - Lo'^ Dctab - ^ D'^^J {tdc hab + 2 hdc tab) , 

whence 

iO-^D[cTa]b+^'''D''LjTd[cha]b (8.17) 

= Bbca - W D[i.ta]b - D UJ (i^[c ha]b + 2 /ld[c ta]b)- 

It follows that equation (|8.15p can only hold if the function uj satisfies the compatibility 
condition 

Bbca — W D[i.ta]b + D UJ (tj;[c ha]b + 2 /lrf[c ta]b)- (8.18) 

The relations (18.81) . (j8.1ip . (I8.13P and equation (|8.18l) suggest that the requirement 
of conformal staticity induces restrictions on the conformal structure of the metric h in 
terms of a sequence of differential relations on the Cotton tensor at the point ?, whose 
lowest order member would be given by 

Bbca = -Y^ojDfDi'Bbca-^D''ij{DfBaf[cha]b + '2ha[cDf'Ba]fb) at i. 

These relations involve besides the expansion coefficients of the Cotton tensor also those of 
UJ, however, and one would have to determine those in accordance with ()8.15p and (|8.18p 
to obtain conditions expressed entirely in terms of h and its derived structures. 

We shall concentrate instead on analyzing equation (|8.18p . considered as a differential 
equation for uj. We note that this equation is implicit, highly overdetermined and a priori 
a solution to it need not even satisfy the equation Tab — because ()8.18|) and (j8.17|) only 
imply 

W D[cTa]b + D'^i^ Td[c ha\b = 0. 

8.1 Analysis of the compatibility condition. 

Using (|8.4p we can rewrite (|8.18|) near i in the form 

C {te[c ha]b + 2 hc[c ta]b) = -D[cta]b, (8.19) 

with 

Ca = DaX, X = l0g(w - p). 

We need to understand now the conditions under which equation ()8.19|) can be solved for a 
smooth 1-form Qa , the conditions which ensure this 1-form to be closed so that we can write 
C,a = DaX with a function x satisfying %(«) — 1, and finally whether the function w = e^+p 
so obtained does indeed satisfy equation ()8.15p . We shall discuss these questions in two 
different ways. The first method, which imposes right at the beginning a non-degeneracy 
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condition, gives concise expressions and illustrates the overall argument. The second 
method, discussed in section 18.31 gives more detailed information but also requires more 
detailed information on the underlying structure. 

Because tab is symmetric there exist at each point orthogonal eigenvectors f , A°, p° 
with corresponding real eigenvalues a, /3 7 (satisfying a + /3 + 7 = because ia ° = 0) so 
that 

t\e^aC, i%A''=/3A^ t^pO^^p''. 

We assume that 

a ^ /3 ^ 7 ^ a, (8.20) 

at the point i. This condition will then also be satisfied and tab t""^ = a^ + /3^ + 7^ 7^ on 
some neighbourhood U of i. This requirement is not particularly restrictive. By (J8.9I) it 
reduces to the condition that the derivative D^Babc of the Cotton tensor symmetrizes with 
three different eigenvalues at «. As discussed in more detail below, the assumption (|8.20p 
excludes in particular the situations in which the map of static data onto their conformal 
classes is not 1:1. Moreover, it fixes our problem uniquely. 

On U the equation resulting from the contraction of (|8.19p with i"'' can then be written 

n 1/ (S°- T'l ^ — ^'^ D[btc]d , a 3 t°- ct" b 

DaxiS b-T b)--^-^j^ with r, = -^-^. 

We note that these three equations are not necessarily equivalent to the original five 
equations. Any solution to (|8.19|) will solve the equation above but the latter may admit 
solutions X which do not solve (|8.19p . 

The tensor T" h, with the given index position, is conformally invariant, 

T\[d-''h]^T\[h]. 

The matrix T = (T" b) is symmetric with respect to the symmetric form defined by h and 
with the notation above we have 

T''bC = u^'', T" b X" ^ V X"" , T'' b p'" ^ w p" , 

with 

3a2 3/32 372 



2(a2+/32+72)' 2(q2+^2^_^2) 2(a2+/?2+^2)- 

The eigenvalues u, v, w are independent of the scaling of h. The relations 

, (/3-7)^ , (7 - a? , [a-P? 

"" 2 (a2 + /32 + 72) ' "" 2(a2+/32+^2)' ^ 2 (a2 + ^32 _,. ^2) ^ 



imply 



<u, V, w <\, if a ^ (3 ^ ^ ^ a, 
u = l, 0<w, w<l if /3 = 7 = --a7^0. 
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In the first case, which is considered here, the matrix 1 — T is invertible on U with an 
inverse whose entries are given by 

oo 

A/% = (l + ^r^-)%, (8.21) 

k=l 

where the series is normally convergent with respect to the operator norm implied by the 
standard Euclidean norm on M."^. The invertibility being given, it follows from Cramer's 
rule that the functions Af " ;, and thus the components of Ca are smooth resp. real analytic 
on U a h is. Our equation can thus be written 

D^X^- ^^^fj" M\. (8.22) 

8.2 Conformal staticity and asymptotic conformal 
staticity criteria. 

The relation above gives rise to a criterion which characterizes initial data satisfying the 
requirement (iv') of Definition 12.11 

Theorem 8.2 Suppose the metric hat is real analytic neari and the dual Bab of its Cotton 
tensor satisfies at the point i the condition 

D{ar--Da,Bab}ii)^0 for p = 0,l,2,3,... . (8.23) 

Suppose furthermore that h is generic in the sense that the map associated with the con- 
formal density tab defined by i8. 1\) has three simple eigenvalues at i. Then h is conformal 
to asymptotically flat static vacuum data near i if and only if 

(i) the 1-form 

K=Kadx'' with Ka^—; —^M^a, 

tef f^t 

with M"" b given by 118. 2 1\) . is closed, i.e. 

D[aKb] = 0, (8.24) 

and 
(a) the integral x defined by 

DaX^-^^a, X«=0, (8.25) 

satisfies the equation 

= DaDbX + DaX DbX + Lab - (e^ + 2 p) tab (8.26) 

^lAhP+^pR-le^D,x D^x - D^x D'p] hab. 



e^ + p [3 ' 12 "^ 2 
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Proof: Equation (|8.22p implies that (|8.24p must be required. This being satisfied we can 
integrate x snd set w = e-^ + p so that Lj{i) = 1. Using then the equation 

DaDbP - E^fJLP hab +pLab- p" tab = 0, (8.27) 

2p 

which combines (12. 8p (where p = by the analyticity assumption) and (18. ip . a direct 
calculation shows that the function lo does in fact satisfy the critical equation in the form 
(|8.15p and, as a consequence, the compatibility condition (|8.18p . This calculation also 
shows that (|8.26l) must be required because the right hand side of (|8.26p is just a rewrite 
of e^^ Tab in terms of x- 

a 

It is not clear to what extent conditions (|8.23p and (|8.24p are independent of each 
other. This requires further analysis. Similarly, it is not clear whether the conformally 
invariant conditions (I8.23P and (|8.24p suffice to characterize h as conformally static vacuum 
data so that (|8.26p would just be a consequence. 

If (J8.24I) holds, there remains no freedom. The problem of solving the overdetermined 
non-linear PDE (j8.15p for uj is replaced here, however, by the problem of integrating the 
linear equation (|8.25l) for x along the geodesies through the point i, and to checking 
whether x does indeed solve (|8.26p . The integration could be avoided if equation (|8.26p 
could be expressed directly in terms of Ka- This equation contains, however, x explicitly 
and this makes sense because only one of the potentials for Ka can possibly represent the 
desired solution w to (|8.15p . 

There is a further reason which suggest that a check of ()8.15p is needed. With the 
assumption (j8.20p equation (I8.18P determines DaUj{i) uniquely if there exits a solution at 
all and in that case it must hold DaUj{i) = Dax{i) with the differential of x determined 
(uniquely) by (I8.22p . However, because the latter equation is obtained by a contraction of 
(|8.19p with t"-^ it is a priori not clear that a solution to (|8.22p provides in fact a solution 
to ((51^ resp. (EUl). 

We note that if h is conformally static and given in the conformal gauge in which 
tab = Sab a direct calculation using equation (12. lip with S^ca — gives in fact Ka = 
— I?ci(log(l — p)) so that w = 1, as to be expected. 

The field Ka does not satisfy a homogeneous transformation law under conformal 
rescalings, it holds 

Ka[^-^h]^ Ka[h]+ Da{\0gd). 

With d{i) = 1 this gives the expected transformation behaviour 

uj[§-^h] ^§-^uj[h]. 
The transformation law of Ka implies 

D[aHb]W~'^h] = D[aHb][h]- 



This conformal invariance shows that {8.24^ imposes in fact only a restriction on the 
conformal structure of h. 
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To simplify the criterion and to understand the nature of its conditions it would be 
desirable to obtain a simple expression for DuUf^y Writing 

J _ t" D[btc]d 
and contracting !?[„«(,] twice with 5° b — T" f, we obtain (|8.24l) in the form 

This must be understood as a differential relation for tab because the field La reads more 
explicitly 

La^^Da log{t,d t^'') -\d, \0g{t,d i"") T^ - i i?e T%, 

and there is no way to express ted t'^'^ in terms of T° f,- 

In the case of C°°- data an analysis related to the one above supplies a characterization 
of data that satisfy the requirements of part (ii') of Definition 12. II 

Theorem 8.3 Suppose the metric hat 'is smooth near i, its Cotton tensor satisfies at the 
point i condition US. 23\) and h is generic in the sense that the map associated with the 
conformal density tab defined by Ii8.1\) has three simple eigenvalues at i. Then the metric 
h is conformal to vacuum data which are weakly asymptotically static, if for all k,j € N; 

(i) the 1-form k of Theorem \8.2\ satisfies 

D[„Kfc] = 0(|x|'^), (8.28) 

(ii) the C°° function x which is given near i in i-centered, h-normal coordinates x"" by 

X{x)^- I f[Tx)— with f{x)^x-na{x), (8.29) 



satisfies 

DaDbX + DaX DbX + Lab - (e^ + 2 p) tab (8.30) 

+ ^^ \\^hP+ ^ pR- ^e^ DcxD'x- DcXD^p] hab = Oi\x\n, 
e^ + p {3 12 2 J 

as \x\ -^ 



Proof: For any C°° function f{x) defined for x° close to x"'{i) = the notation / = O^ 
will mean in the following that f{x) — 0{\x — x^,\'^) as a;° — )■ a:° for all fc g N. 

By equation (|8.29p the function x satisfies x(*) — and for \t\ and \x\ sufficiently 
small 

0--2 {^x{Tx)+x''Ka{Tx)\ ^ D'^T {DaX + ^a^T x) . 
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With (|8.28p this ahows us to derive the relation 

D,D-T {DaX + l^a) + D-TDa {DhX + «6) = O^. 
Restricting the left hand side and its derivatives of higher order to i thus implies 

so that the necessary condition (|8.22p for conformal staticity is satisfied asymptotically. 

In terms oi uj — e^ + p relation (|8.30p reads e^^ T[u;, h] = O^ which is equivalent to 
the asymptotic versions 

2ujt-DaOjD''LU+- R[h]uJ^ = O^, DaDbUJ -thab+OJSab - w'U = O^ , 

of (133]) and (IXTC)) resp. dgJi]) . 

Because no particular conformal gauge has be employed so far, we can now conveniently 
assume that the scaling of h has been chosen such that a; — 1 = O^ . 

The equations above then reduce to 

R[h]^0^, J:ab[h,p]^0^, 

and imply by (I2.12p the relation Sab — C'g°, which reads in terms of space spinors as a 
relation for the trace free part sabcd of the Ricci spinor 

(1 -p)Da^ sbcdf - 2 spf^ABC Dd) ^ P = O^ . 

The following conclusions follow from the analysis of [25 . For given j e N, j' > 2, the 
relation above allows us to express the covariant derivatives of sabcd up to order j, and 
thus the derivatives of the fields hab and p up to order j ' + 2, uniquely in terms of the 
formal null data 

i'ABCD = SABCoii)-, i^A„B„ ■ ■ -AiBiABCD = ^(A„B„ • ■ • ^AiBi S^BCD) («), "- = l,2,...j. 

If these data satisfy a certain decay condition as j -^ oo, the metric is real analytic, 
represents in fact a (conformal) static vacuum field with mass m near i, and there is 
nothing further to show. If the decay condition is not satisfied we argue as follows. The 
null data above can be complemented (in a rather arbitrary way) by symmetric spinors 

V'A„S„ ■ • -AiBiABCD , j + 1 < n <00, 

such that the decay condition is satisfied. The complete set of null data then defines a 
(conformal) static vacuum field /i*;, with mass m near i so that the /i* -covariant derivatives 
of s*ABCD '-'^ order < j coincide at i with the /i-covariant derivatives of sabcd at i and 

■!/'A„B„ • • -A.B.ABCD = ■D('A„i3„ • • ■ ^AiBi ^AiSCD) (*)> j + 1 < n < OO. 

It follows that hab ~ h'^b ^'^"^ P^ P* vanish at orders < j + 2 at i and the fields (cf. p.l9p ) 

~ m' (1 + Vp)' , 1-Vp: , ,~, p^ (1 + VpD' ,. 

hab = 5 hab, w* = — - — -= and h*ab = 5 hat, 

p 1 + Vp^ pi 
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satisfy u* — ^ 1 as |z| — > oo and 

Rab[h*] - ^ D*aD*bV, = 0, A,^,v* = 0, \hab - h*J = O (tJp^ ) as \z\ -^ oo, 



where the fields on the left hand side are given in the coordinates z" = -^ in which ha, 
h* ab explicitly satisfy the asymptotic flatness condition. D 



W 



ab^ 



8.3 Some facts underlying the staticity criterion. 

To exhibit some of the conditions on the conformal structure implicit in (|8.24p , to under- 
stand better the role of the non-degeneracy condition (|8.20p , and to derive a more explicit 
form of (I8.24P we discuss the relevant equations now in more detail. It will be convenient 
to write (I8.19|) in terms of space spinors. In view of (|8.3I) it reads then 

2C(A tBCD)H = -Da tBCDH, (8.31) 

with 

Cab = DabX, X = log(w - p). 

To analyse the pointwise restrictions induced by this equation on the derivatives of tABCD 
we consider at a given point a covector Cab 7^ and analyse the map Iabcd — > C(A ^tBCD)H 
acting on symmetric spinors. It holds 

C(A tBCD)H = T (Ca tBCDH + Cd ^abCH + Cc toABH + C-B tcDAH) (8.32) 

= Ca tBCDH + - f^A{B tcD)HK C 

Thus 

C(A tBCD)H = 0, (8.33) 

if and only if 

Ca tBCDH = -j(-A{BtcD)HK C 

With Cab C'"^ — 5 Chk C^^ ^a '" , this is seen to be equivalent to 

X Chk C tBCDE = — C eCa tBCDH ~ T Ce{B tcD)HK C ■ (8.34) 



This implies 

r, /■ aHK m e /-E -, 

(C^D)EHK 

which is equivalent to the existence of a real factor / such that 



n /■ aHK , E ^E -, /-HK 

U — (,HK <, tECD — C, (C tD)EHK t, j 



/■E , /-HK /■ /-HK f 

C, ctoEHK^ — (,HK (, J^CD, 

whence 

tABHK C =^2/CaB- 
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Observing this in (|8.34p we get the representation 



3/ 

ChkC 



tsCDE = -y^^—THK '^(EB CcD), (8.35) 



which imphes in turn (J8.33I) . 

Let Xab = X{AB) 7^ be a real spinor field with (ab A'^^ = 0. Then (ba Ac ^ 
Cb(a Ac) ^ whence 



tBCDE A — „j^ (C B CCD Ab + C C CdB Ab ) 



(C B C-E-D Ac + C c Cde Ab ) = / Abc ■ 



It follows that tABCD 7^ satisfies 118. 33\) if and only if it is of the form i8.S5\) so that the 
map ^ —> t CD ^'^^ has a sim,ple eigenvalue a — —2 f y^ with eigenvector C and 
eigenvalues (3 — j = f with eigenvectors orthogonal to (^ . 

Consider now (j8.3ip as an equation for the covector Cab with Iabcd and Da " tBCDH 
given at a fixed point q. Depending on the (real) eigenvalues a, (3, 7 of the map S,"^^ — >■ 
t^^ cd{p) £,'~"^ three different cases can occur. 

— The map has no simple eigenvalue. Because tah is trace free his happens only if tab{q) = 
0. The formulas (18.81) . (|8.1ip . (|8.13l) and the subsequent discussion show that this case 
requires a quite detailed analysis of situations in which tab and the Cotton tensor vanish 
up to some given orders p resp. p + 1 at i. The discussion in [27] shows that there do in 
fact exist conformally static data for which p is arbitrarily large. We shall not consider 
this case any further here. 

^ tabil) 7^ and the map has eigenvalues 

/3 = 7 = -ia = /^0. (8.36) 

Assume that the covectors ^^^ and ^ab solve 2 ^(^ ^ tBCD)H = —Da " tscDH at q. Then 
Cab = Cab ~ ^^b satisfies (|8.33p and we can have the situation where Cab 7^ and thus 
C^^ tABCD = olCbc- All solutions to 2^(^^ tBCD)H = -Da" tBCDH at the point q 
are then of the form ^ab = c Cab + Cab where Cab i^ ^ given solution and c G R. Such 
situations occur at the point q — i in particular in the case of the exceptional static data, 
which admit non-trivial conformal rescalings that yield again static data ([35]; US])- This 
case requires a detailed analysis because the number of simple eigenvalues may change 
with near i. We shall make some observations about this case but not analyse it in detail. 

— tab{q) 7^ and the map has simple eigenvalues, 

a^ (3^^^a with a + /3 + 7 = 0. (8.37) 

This condition will then also be satisfied on some neighbourhood of q. The set of metrics 
with this property is open in any topology on the set of metrics under consideration in 
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which Babe is C^-tensor field. It is non-empty because, as we have seen above, tab(i) = 
Sab{i) for static data, for which Sab(i) can be prescribed arbitrarily as part of their null 
data ([27]). 

In the following we shall mainly be concerned with the case where (|8.37l) holds on 
some neighbourhood of i. The discussion of (|8.33l) shows that if there exists a solution 
C,AB to 2 C(^ " tBCD)H = -Da " tscDH at i, it is unique. 

The question about DaUj{i) raised in section\^thus finds a complete answer if l{8.37^ holds 
at i. If for a given metric h satisfying this condition there exists a solution to our problem 
near i then it is unique. In the case i8. 36]) the possible values of Da{i) are restricted 
to the extent to which this is consistent with the results of i28V . \29i . In the cases in 
which tab{i) — we may expect restrictions on DaLo{i), depending on the structure of the 
non-vanishing derivative of Babe of lowest order at i . 

Denote by ^ab , ^ab , Vab an orthogonal frame of eigenvectors of tABCD with corre- 
sponding eigenvalues a, /3, 7 which are normalized so that 

aBe^^-AABA^^-rMB^^^ = -2, (8.38) 

whence 

(■ f-CB \ \CB CB C 

iAB t. = Xab a = r]AB V = - EA , 

and assume the frame to be oriented such that 

VAB =i Cea>^b^, ^ab ^i XeaVb^, >^ab ^ i Vea ^b ^ ■ (8.39) 

We consider first the case (|8.36p so that Iabcd C*"^ = —"^f^AB- Then 
/ / 

tABCD = "^ (2 ^AB icD — ^AB ^CD — VAB VCd) = — {S.AB £.CD + ^AD S.BC + £.AC £.Db), 

(8.40) 

where second equation is obtained by using the different representations 

^AC ^BD + ^AD ^BC — 2 hABCD — — {^AB S.CD + ^AB ^CD + VAB VCd), 

of the metric. It holds 

3 3 

^{A tBCD)E—0, X{A tBCD)E = --^i I ViAB^CD)-, V{A tBCD)E = -^^ I i(AB ^CD)- 

The expansion 

C,AB^x£,AB + V>^AB + ZVAB, (8-41) 

thus implies 

-2C(^ tBCD)E = 3i f {yV{AB^CD) " ^ S,{AB ^CD)) i 

SO that of the five free constants which define a general totally symmetric spinor of rank four 
only two are available on the right hand side. It follows that equation (|8.3ip . considered 
as an algebraic equation for the covector Cab: can be solved at points where Iabcd has 
the form (|8.40p if and only if 

Da " tBCDH = i {b {£,AB >^CD + Xab (cd) + c {(,ab Vcd + Vab (.cd)}, (8.42) 
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at these points with some real coefficients 6, c. 

Assume now that tABCD satisfies (|8.37p so that 

tABCD = -^ {(^^AB^CD + P^AB^CD + 1 VAB VCd) ■ (8.43) 

Using again the expansion (|8.41l) and observing that 

£.{A tBCD)H ^ ^-j^iP - l)\AB'nCD) 

\a " tBCD)H = - 2 (7 - a) V(AB CcD) 
V(A tBCD)H = --^{o^- f^)C(AB ^CD), 

we get 

-2 C{A " tBCD)H ^i{x{P~l) \(AB VCD) + V {I - a) r](AB icD) + z{a- P) £,(^AB AcD)}, 

so that we must have 

Da " tBCDH = i {x {(3-j) \ab Vcd) +y (j-a) V{ab ^cd)+z {a~(3) S,(ab ^cd)}- (8-44) 
Assuming a general expansion 

Da " tBCDH == i {a £,ab £,cd + d \ab ^cd + / "Hab Vcd 

+b (Cab ^cd + ^ab S.cd) + c {^ab Vcd + Vab (cd) + e (vab ^cd + ^ab Vcd)}, 

with real coefficients such that a + d + / = (to make the expression on the right hand 
side symmetric) and observing the relations 

C ^(ABVCD)"^^! S. V(ABicD) ^ ~VCD, S, i(AB^CD) ^ ~^CD, 

A \aB VC D) — ~VC D , A V[ABicD)—^i A £,{AB^CD) — ~icD, 
V ^(ABVCD) ^ ~^CD, V V{AB^CD} = -^CD, V ^{AB ^CD) ^ 0, 

we conclude by contracting both expressions above with the frame vectors that (|8.44p 
implies the conditions 

a = d = / = 0, 6=-z(a-/3), c^ -y{j-a), e=-x(/3-7). 

While the last three conditions can be satisfied by suitable choices of x, y, z, the first 
three conditions imply obstructions if not satisfied. Translating the previous result into 
the present notation we can state the results as follows. 
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Lemma 8.4 At points of W , where tABCD has simple eigenvalues a, (3, 7 with corre- 
sponding eigenvectors S,ab, ^ab, Vab, equation i8.31\) . considered as an algebraic equation 
for the covector Cab, is solvable if and only if 

e^f"DA"tBCDH=(^, \^^\''''DA''tBCDH = Q, V^^ ^'''' D a"" IbcDH = Q, 

(8.45) 
so that Da tscDH has an expansion 

Da tscDH = 

i {b {Cab ^cd + ^ab Ccd) + c {^ab Vcd + Vab Ccd) + e {r/AB ^cd + ^ab Vcd)}- (8.46) 

Necessary for this to be true is that t '-^^ £)^ ^ tBCDH — 0. 

At points at which tABCD has simple eigenvalue a = —2 / 7^ 0, and eigenvalues 
"f = 13 = f with respective (orthogonal) eigenvectors ^ab, ^AB? Vab equation 118.31]) is 
solvable if and only if the conditions above hold and in addition the equation 

X^^ rj^'^ Da" tBCDH = 0, 

holds, so that Da " tscDH has an expansion 

Da " tBCDH = i {b (Cab >^cd + ^ab Ccd) + c {^ab Vcd + Pab Vcd)}- 

The condition above can be understood as differential relations relating tab and Datbc- 
While these allow us with the assumption (|8.37l) to obtain pointwise expressions for a 
covector (ab they do not tell us whether this field of covectors is in fact a differential of 
some function. 

The conditions above only depend on the conformal class of h. While the eigenvalues 
and the (normalized) eigenvectors transform under a rescaling hab -^ hab = i?^ hab, p — ^ 
p = d p as conformal densities, it holds 

Djbc - Dbiac - ^'^ {Datbc - Dbtac) 
-^-2 i^D''^ [tda hbc - tdb hac) + 2 [Da^tbc ~ Db^ac)) ■ 

In terms of space spinors this implies that tABCD changes up to multiplicative factors by 
an additive term of the form 



D(^A ^tBCD)H- 



It holds, however, 



^AB ^CD ^^^ H^ ,^^^^^ ^ 1 ^^AB ^CD ^ ^AD ^BC + ^AC ^DB^j^^ H^ ^^^^^ 

= e-^^ f'DA "^ tBCDH = a e^ CbhDa ^^ = 0, 
and similarly A^^ A'^-" D^a "^ tBCD)H = 0, if^ v^^ D(a "^tBCD)H = 0. Moreover, 

\AB CD T) H^n, ^ t\AB CD . xCD AB\ n H „q , 

A V D^A VtBCD)H = -^{X V +A T] ) Da V tBCDH 
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In the following we will need to take derivatives of the eigenvalue functions and eigen- 
vector fields. It will then always be assumed that the eigenvalues are simple, because in 
that case we have the following result. 

Lemma 8.5 // no two eigenvalues coincide near i, the eigenvalues and the eigenvector 
fields (as normalized above) are smooth (real analytic) near the point i if h is. 

Proof: We only discuss the analytic case here, the smooth case is similar. Let x"" denote 
real analytic coordinates on W . Because the eigenvalues are simple we can assume that 
they define functions a = a{x°'), /3 = /3(a;"), 7 — 7(2:") such that a{x°') > (3{x°') > 7(x'') 
for a;° near x" — x°'{i). These functions are then real analytic. In fact, for given value 
of x"" the eigenvalues are the zeros of the polynomial P{x'^\ z) = det(i'^ bix"") — zh'^ b{x'^)) 
in z S M. The function P of x" and z is real analytic and because the eigenvalues are 
simple the derivatives P^z{x°', z) do not vanish for x"" near x" if z coincides with one of the 
eigenvalues. The assertion thus follows from the implicit function theorem. 

Let W^ X R^ 3 (x^, li'^) ^- ^'^{x^,u'^) e TW be a real analytical embedding into the 
tangent bundle such that ^a C = ~2 for [x'^^u^) ^ W y. M? and consider the analytic 
function f°'{x'^,u^) = f^ i,{x'^) £_'' {x'^ , u-^) — a(x'^) ^"(x"^, u'^). If for some u^ the vector 
(.''{x'i^uf) is an eigenvector of T & so that f" tix";) ^^ {x"; , uf) - a(x';) ^"^ {x"; , uf) = 0, the 
matrix /" .s(x^,m^) has rank 2. Otherwise there would arise a contradiction to the as- 
sumption that the eigenvalues are simple. In fact, there would exist z^^ 7^ such that 
= f" ,B{x'i,u^)y^ = f'bixDk'' - a(x<i)k'' with k"" = £.'' A<^u^)v^ ■ But fc° ^ 
because ^ is an embedding so that fc° would be an eigenvector with eigenvalue a{x%), 
orthogonal to to £,°'{x%,uf) by the normalization of f. By the implicit function theorem 
there exist then an analytic function u"^ ~ m"^(x^) near x" = x% such that the normalized 
analytic vector field £,''{x'') = ^'^(x^ u'^(x'=)) satisfies T f,(x^) ^^(x'^) = a(x'=) ^"(x'^). 
D 

Conditions (18.45^ . which read more explicitly 

^fAB p,C c —^(R„^BxCD ^,\ABnD\j^ c 

a 4 ^ BkAC — -^\pri A -7A rj )IJABi;cD, 

/3 A^^ D^ b\ac^\ (7 e^^ ^^^ - « V^"" e^^) Dab Xcd, 

^V^"" D^ BVAc = '^iaX^'' ^'^'^ ^ 13^^ X^^) D^BVCD, 

do not impose conditions on the derivatives of the eigenvalues of tABCD and represent 
only two independent conditions because tab is trace free. 

With 118. 5\) conditions ^S^JW imply near i the equivalent conformally invariant restrictions 

cAB cCD , n ^AB xCD 1 p. „AB CD , r, 

C ? oabcd = U, a a oabcd = U, 77 r/ oabcd = 0, 
and thus in particular t CD fi^^^^ = Q. Furthermore one gets the relations 
-I C^^ A^^ bABCD - 4 fe p + (a - /3) jf'' DabP, 
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-I A-^^ n'^D ^^^^^ = 4 e p + (/3 ~ 7) ^^^ DabP, 
~i rj^^ e'''' bABCD - 4 c p + (7 - «) A^^ i^ABP, 

The expansions (|8.43p and (|8.46p imply 

h ^ ^AB j^ ^ *" xAS nC c "f cAB no ri c ca a'7\ 

0=7?? Uabol —A D AC,BC--^^ V Uabc,cd, (».47j 

4 4 o 

^ \AB n ^, *'^ ^-45 nC „ P ^AB \CD n ^ /'s /la^ 

c=-A UabI ^? i-* aVbc^-^V a VabVcd, (».4»j 

4 4 o 

e = ie^^i?^s/3-^r;^^7^^AABC-fA-4^e^^i?^BAcD. (8.49) 

Because of the equation D°'tab ~ 0, which reads more exphcitly 

i^^^(aeAB) ^t^^^^^AB^CD, D^^{P\AB)^t^''''''DAB\cD. 
D^''i-fVAB)^t^''''''DABVCD, 

these equations can assume different forms. They can be used in the previous equations to 
express the non- vanishing components of the Cotton tensor, which is of third order in the 
metric, in terms of the function p, its differential, the eigenvalues and their differentials, 
and the eigenframe fields and their derivatives. 

In the case (|8.37l) suitable contractions of (18.441) with the frame vectors give the solu- 
tion formula 

/ e c b \ 

Cab^2{ Ub + Xab + ^ VAB , (8.50) 

\p — 7 7 — a a — p J 

and it follows from Lemma 18.51 that the right hand side of this equation and thus Cab is 
real analytic. If (I8.46P holds, a direct calculation shows that the right hand side of (|8.50p 
coincides with the right hand side of (|8.22p . 
Similarly we obtain in the case (|8.36p 

/ c b 

Cab = X ^AB + 2 Xab H ^ vab 

\7 — a a — p 

where the coefficient x remains undetermined. 

We can now require that the 1-form (ab given by equation (j8.50p be closed. This 
condition is equivalent to D'~^ rA Cb)c — 0- After contraction with the three independent 
eigenvector fields it assumes with (j8.50p the form 

D^^ (^XAB~^VAB)^^ (-^ e^" + ^ A-^^ + -^ ^^A D^ A iBC, 

\a — p J — a J \p — 7 7 — a a — p J 

nAB I ^ ,^ ^ c \ ■ ( _^__ cAB , '^ ^AB , ^ „Ab\ t^C a, 

^ {13 VAB a^AB]^i\-B t, H A H -T] \V aXbc, 

\p— 7 a — p J \P — 7 7 — 0; a — p J 
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-t-* Kab-t, Aab = i -5 K H A H -r] \U aVbc- 

\7 — a p — 7 / \P~7 7 — a a — p / 

If these equations are written out more explicitly some of the derivatives may be reex- 
pressed by using the relation D^^ tABCD = 0. With ((8T7| . ((08)) . (|8^ . these equations 
can be written as explicit differential conditions of second order on the eigenvalue functions 
and the eigenframe fields. 



9 Concluding remarks 



In the case of general time reflection symmetric vacuum data the data u for the conformal 
field equations are derived from the metric h and the conformal factor f2 determined by 
(I2.3p . (I2.4p . These data include in particular the rescaled conformal Weyl tensor which 
represents, in the conformal gauge in which space-like infinity is represented by the point 
j, the most singular field comprised by w. In spinor notation it is given by 

4>ABCD = -^{D{AbDcD)^+ ^SABCd)- 

Near i it can be written in the form (pABCD — {'P'abcd + ^^bcd) where the part 'P'abcd^ 
which carries only local information on the metric /i, and the part <t>ABCD^ which contains 
global information on (S*, /i), have been referred to in [24] as the 'massless' and the 'massive' 
part of the rescaled Weyl spinor respectively. It holds 

^Jbcd = r^' I (-^ r-1/2 D(abTDcd)T + ri/2 D(abDcd)T\ uw 

+2ri/2 {W D^ab^ DcD)U -iU D^AB^ DcD)W) 



+2r3/2 {-U Di^ABDcD)W -W D^abDcd)U + &D(abU DcD)W + UW sabcd) 
+2 r2 (-W D^abDcd)W + 3 D^abW Dcd)W + ^ M^' sabcd) \ , 

so that 4>ABCD — OiV^^'^) as r — ?► r(i) = 0. If /i satisfies condition (*) the massless part 
is given in the notation of section |S] by 

^ABCD = l^^^ABCD- 

It is thus regular also in the gauge in which the massive part is strongly singular (this field 
is in fact independent of /z, the factor /i only turns up on the right hand side because of 
our definition of p in section [2]) . 

In the conformal gauge used in the picture with the cylinder / and the boundary 
/" = S* n / of the initial hypersurface these fields pick up a factor so that 

3 

(t>ABCD = -Ty2{D{ABDcD)^ + ^ SaBCd), 
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with a function w that behaves as 

ti7 = o(ri/2) as r^r|/n=o. 

With respect to the differential structure underlying this picture the field <J)abcd then 
extends smoothly to /°. The unknown u comprises further fields (cf [21]) but the expression 
above may suffice to illustrate the kind of operations needed in the transition from the 
initial data {h, il) to the initial data u on S. 

If h is conformally static so that, in the notation of sections[5]and[31 the field h' = a;~^ h 
satisfies the conformal static field equations J^ab[h' p'] = 0, R[h'] — 0, the corresponding 
vacuum data are given by 

K^VL^'^h with 17* = ^-= where W^ ' 



^(1 + ^£VK)2 

2 

and oj = -^ and h satisfy the equation Tafc[w, h] = 0. 

Let {S, h) be conformal vacuum data as specified in the beginning of section [2l We 
can then calculate from these the initial data u for the conformal field equations and 
determine (in principle) the solution-jets Jf(u) in /. It is known that for low orders p 
these will extend smoothly to the critical sets. Let p be the lowest order at which this 
is not the case any longer. There can be several reasons for this. It may happen that h 
satisfies the conditions of the criterion so that h is conformally static up to the relevant 
order but it has a 'wrong' scaling. In that case the equation, Tab[^, h] = 0, which may not 
be solvable in a neighbourhood of i should at least be solvable up to the relevant order 
and the situation can essentially be dealt with as in [TT] . 

A new and most interesting situation occurs if the data turn out to be such that the 
order p corresponds to the first order at which one of the conditions of the criterion is 
violated (the order p of the solution-jet Jj{u) and the order at which the data h and fi 
enter the calculation of Jf{u) on /" must be carefully distinguished here). In this situation 
one will have to inspect the expression of Jf{u) at /^ for the precise requirements which 
need to be imposed on the data at /'^ for the logarithmic terms to drop out. The critical 
question then is whether these requirements comprise the conditions of our criterion and 
the rescaling of the metric by the solution to the equation Tahiti h] = up to the relevant 
order. (The need to satisfy the conditions of the criterion may explain the observation in 
[i7] that several steps, involving the inspection of several Jf (u) with p' close to p, were 
needed to determine the correct scaling.) A positive answer would give strong evidence 
that asymptotic staticity is the relevant regularity condition. Though it is hard to conceive 
of a reasonable condition somehow positioned between (*) and asymptotic staticity, a priori 
we cannot exclude the possibility that such an unknown condition may be required for 
regularity at higher orders. 



10 Appendix 



In the following we show that the conformal extensions of asymptotically flat Riemannian 
manifolds considered in this article are unique up to conformal diffcomorphisms and that 
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a conformal diffeomorphism which maps one such manifold onto another one with a con- 
formal factor that is bounded induces a smooth conformal diffcomorphism of the extended 
manifolds. The last statement is used to discuss data which satisfy requirements (i') - (iv') 
of Definition 12.11 in terms of conformal extensions. Moreover, it strengthens the results of 
[28) , |29j , where the existence of an extended conformal difFeomorphism has been assumed. 
We note that the following arguments profited from _41^ and the discussion of the Myers 
Steenrod Theorem in [39] . 

Let (S, h) be a smooth (negative definite) Riemannian manifold of dimension n > 
3 with one (for convenience) asymptotically fiat end. It admits a conformal extension 
if there exists a quintuple (S*, i, h, i7, k) with the following properties. 5 is a smooth, 
compact n-dimensional manifold and i a point in S, h is a smooth Riemannian metric and 
n e C^{S) n C°°{S'), where S' ^S\{i}, so that 

O(i) = 0, dn{i)^0, Hesshn{i)^--fh{i), fl > on S' , 

with some constant 7 > and k is a diffcomorphism S' ^ S which maps i-punctured 
neighbourhoods of « in 5* onto neighbourhoods of the asymptotically fiat end and satisfies 

K4h)^n-^h on S'. 

We note that in the statements above 'smooth' could be replaced by 'real analytic' and 
the results below would then be obtained in the category of real analytic manifolds and 
maps. 

Proposition 10.1 Assume that {S,i,h,D,,k) satisfies with respect to {S,h) the same 
properties as (S,i,h,n, n). Then there exist a smooth dijjeomorphism : 5 — > 5 and 
a positive function G C"^(S') such that (f>^h ~ Q^ h. 

Proof: By our assumptions the map (p = k^^ o n : S' ^ S' = S\i \s a. C°° diffcomorphism 
which extends to a homeomorphism cj) : S —^ S hy setting (j){i) = i and it holds 

(f>4h) = e^h with e = ^^ on 5". 

We show that Q extends as a positive C^-function to S. Because the definition above 
leaves the freedom to perform rescalings {h,n) —> {■d'^h,-dil) and similarly for {h,fl) the 
scalings of h and h can be assumed such that R[h] — and R[h] — on some open 
neighbourhoods W and W oi i and i respectively with (piW) = W . Otherwise we choose 
a conformal factor ^ > on 5 which in normal coordinates x° near i has the form 
f? = 1 + /3 \x\^ with a constant /3 < — °" 2 J '^^ere a„ = 4 faL^-i ■ The transformation law 

/^h^ - anR[h]d ^ -an^"^ R[h'] with h' = d^ h, 

then shows that R[h'] < near i. We can thus assume that R[h] < on some geodesies 
ball Ba{i) with center i and sufficiently small radius a > 0. The Dirichlet problem for the 
equation 

Ah-d - a„R[h] ?? = 0, 
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on Ba{i) with positive data on dBa{i) has then a unique solution, which is positive by 
the strong maximum principle. Extending the function ^ as a smooth positive function 
to S we see by the transformation law above that the Ricci scalar R[h'] of the metric 
h' = ■d'^^^^ h vanishes on Vt^ = Baii). An analogous rescaling can be performed of h if 
necessary. If a is small enough it can be arranged that (j){W) = W . 

Denoting the inverse of i}} by 0, we get for arbitrary / € C'^{S') the relation 

A^(/o0) = (Av,.h/)o0^(Aj.,^/)o,/, on 5' with S - (9 o V')-^ 

Observing that 

R[Y?h] o = R[il}^h] o = R[h], 

and using the general transformation law of the conformally covariant Laplacian we get 

(A,. - an R[h]){Q^^ (/ o 0)) = {Ah - an R[h]){{Y.^ /) o 0) 

= ((Aj,,^ - an i?[I]2/i]) (ET^ /)) o + an (i^p^/i] o - R[h]^ (E^^ /) o </> 

= (e-^ (A;^ - a„ i?[/i]) /) o = e^ ((A^ - a„ R[h]) /) o 0. 
With the choice / = 1 this gives 

A,,(e'^)=0 on B^{i)\{i\, 

where Ba{i) <zW is a. suitable /i-geodesic ball with center i. Because > on Ba{i) \ {i} 
a result of |M] applies which says that 

Q^=cG + w on Ba{i)\{i), 

where c is a constant, G is a solution to A/jG = 5i on Ba{i), 5i the Dirac measure with 
weight 1 at i, and and w solves AhW = on Ba{i). The function G has a singularity at i 
which is such that 

Tl— 2 

(51^~ G){p) -^ k — const. ^ as p -^ i. 
Writing the equation above in the form 

{nocj))'^ =0,"^ {cG + w), 

and observing that Cl{4){p)) — )■ as p -^ i we conclude that c = 0. Since 8 is positive on 
dBa{i) it follows that w > on Ba{i), & extends to a smooth positive function on Ba{i), 
and h = Q^ h defines a smooth Riemannian metric on Ba(i). 

The homeomorphism </> of Ba{i) onto (j){Ba{i)) thus induces an isometry Ba{i) \ {i} 
onto (f){Ba(i)) \ {«}. We show that it extends smoothly to Ba{i). This is essentially a 
consequence of the Myers Steenrod Theorem. Because the assumptions made there are 
somewhat different from the situation given here, we include a proof. 

Being an isometry, (f> maps an /i-geodesic 7(t), t > 0, in i?„(z)\{i} onto an /i-geodesic 
0(7(t)) in (l>{Ba{i))\{i}- If limT-_j.o 7(t) = i, continuity of implies that limT-_>.o (?!i(7(r)) = 
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i. If liiTLr^o -jfl = X, we set F{X) = liniT-^o 'j^'t'il)- The properties of geodesies under 
linear rescalings of affine parameters then imply that 

F{cX)^cF{X), ceR, \\F{X)\\f^^\\X\\j,. (10.1) 

In particular, (j) maps the /i-geodesic ball Ba{i) onto the ft.-geodesic ball Ba{i). 

F defines an isometry of TiS onto T-^S. To show this we consider a certain general 
property of metrics. For suitably small a* > denote by Ba(i) the /i-geodesically convex 
geodesic balls with center i and radius < a < a* and let x" be normal coordinates 
with origin at i which cover these balls. In these coordinates we have dBa{i) = {y" = 
ax"|x" e 5*2} where S^ = {x" € R^\x''x''Sab = 1}. Because hahix'') + Sat = 0{\x\^) we 
can write for x" G S'^ and a < a■^, 

hahiax") = -5ab + a / x'^ habAisax") ds. 



Any C^ curve y"(T) on dBa{i) can be written in the form j/"(t) = q:z"(t) with z"(t) e 5^, 
which gives 



hab{oLx'^)y°' y = a [5abZ°' z — az°- z I x hah,d{sax'^) ds\ . 



Because hab,d{Q) = we can choose a* so small that 



X hab.d{s oix'^) ds 



<- for 0<a<a^,x''£ S"^, 
o 



which implies 



z"' z I X hab,d{sax'^)ds 





< Sab i" Z 



a -b 



For < a < a^ < 1 this gives 

a * 

Let d denote the distance function on S*^ associated with the pull back to S'^ of the 
euclidean metric Sab on TiS and da the distance function on dBa{i) associated with the 
pull-back to dBa{i) of the metric hab on Ba{i). 

Consider the geodesies 7fc(T) — t Xk through i where Xfe e 5^, fc = 1,2, \t\ < a* and 
write 7fc(l) = x^. The estimates above imply then 

1 



v/(l-a)d(7i(l),72(l)) < -d„ (71 (a), 72(a)) < ^(1 + «) rf(7i(l), 72(1)), 

a 

and thus, with Xfe ~ 7fc(0), 

/i(Xi,X2) = cos(d(7i(l),72(l))) = cos ( lim - da (71 (a), 72(a)) 1 , 
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and analogous relations hold with the metrics h and h. Since (j) maps dBa{i) isometrically 

onto dBa{i) it follows that da{(f>{'yi){a),(f>{'-f2){ct)) = c^q (71 (o?), 72(a)) for a > which 
implies in the limit above with the first of properties (110. ip that 

h{F{X),F{Y)) = h{X, Y), X,Y e T,S. (10.2) 

A direct calculation using this relation then shows that 

h{F{X + Y)- F{X) - F{Y), F{Z)) =0, X, F, Z e T,5. 

Since F maps by (jlO.21) an /i-orthonormal basis Xi, . . . X„ onto an /i-orthonormal basis, 
letting Z take the values Xi allows us to conclude that F is a linear map. 

The properties obtained so far imply that o expi = exp^ o F on a neighbourhood of 
the origin of TiS. It follows that extends to a smooth h - h - isometry resp. to a smooth 
h - h - conformal map at i. 
D 

Corollary 10.2 Let {S, h) and (S*, h) be smooth, asymptotically flat Riem,annian spaces of 
dim,ension n > 3 which admit sm,ooth conformal extensions {S, i, h, J7, k) and {S, i, h, $7, k) 
respectively in the sense described above and suppose that there exists a smooth diffeomor- 
phism ^ : S ^ S , which maps open neighbourhoods of space-like infinity in S onto such 
neighbourhoods in S and which satisfies 

^S^X'^h, 

with a conformal factor X which satisfies 

0<X<K, 

with some constant K > 0. Then there exists a smooth diffeomorphism 4> : S —^ S which 
satisfies (f>^,{h) — Q^ h, > 0, and $ = k o cj) o k^^ . 

Proof: The map = k^^ o $ o k : 5' — ?■ S" satisfies 

Mh) = Q'h with e = (^l^^liA^ > 0. 

Again we can assume that the conformal extensions have been chosen such that R[h] and 
R[h] vanish on some neighbourhoods of Ba{i) of i and Ba{i) of i respectively which satisfy 
(j){Ba{i)) C Ba{i) and conclude that 

Q^^cG + w on Ba{i)\{i}, 

where c, G, and w satisfy the same conditions as above. Writing the equation above in 
the form 

(nocj))'^ (Aok)"^ ^n"^ {cG + w), 
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and observing that 

Tl — 2 

il{(f){p)) -^ and (ilT~ G){p) -^ k = const. ^ as p ^ i, 

we conclude that c — Q because Q{(f>(j))) ■ X{k{p)) — > as p — > i by our assumptions on A. 
As above it foUows that admits a smooth positive extension to i and (j) admits a smooth 
extension to i so that (j)^, (h) = 8^ h. 

D 
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